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Abstract

This work studies equidistribution results of zeros of polynomials in both the Archimedean and non-
Archimedean settings. We begin by introducing the notion of equidistribution and reviewing classical
results such as the theorems of Jentzsch-Szegő [Jen18][Sze22] and Erdős-Turán [ET50], including
Soundararajan’s proof to the latter [Sou19]. We then develop the necessary background in potential
theory, both on the Riemann sphere and the Berkovich projective line. Concepts such as logarithmic
energy and potentials, equilibrium measure, harmonic and subharmonic functions, and Green’s func-
tion are studied in both settings. Finally, following the work of Chambert-Loir [CHA15], we present
a non-Archimedean equidistribution result that also holds in the complex setting. We then compare
this result with the classical Erdős-Turán theorem.
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1. Introduction

The study of the distribution of zeros of polynomials dates back many years, with seminal contributions
by Jentzsch, Szegő, Erdős and Turán. Jentzsch [Jen18] proved that, if S(z) =

∑∞
j=0 ajz

j is a complex
power series having finite radius of convergence R, then each point on the circle centered at the origin
with radius R is a limit point of zeros of polynomials Sn(z), n = 1, 2, . . ., where Sn denotes the
truncation to the n-th partial sum of S. Szegő [Sze22] improved this result by showing that there is a
subsequence {nk}∞k=1 with ni ∈ N \ {0} for which the zeros of the partial sums Snk

(z) are uniformly
distributed in angle in a fixed annulus R− ϵ ⩽ |z| ⩽ R+ ϵ, with ϵ > 0 arbitrarily small.

Erdős and Turán [ET50] presented a theorem which states that, if a monic polynomial has small
size on the unit circle and its constant coefficient is not too small, then its zeros become evenly dis-
tributed in angle. Two types of results can be derived from this theorem. On the one hand, a question
that attracted considerable attention at the time was how to estimate the number of real zeros of a
complex polynomial in terms of its coefficients and degree. The Erdős-Turán theorem yields one of the
central results in this direction, although this topic will not be the main focus of the present work. On
the other hand, the theorem of Jentzsch-Szegő can also be deduced from the Erdős-Turán theorem. In
fact, with a slight refinement of the argument, the Erdős-Turán theorem can be strengthened to show
that, under the same assumptions, all zeros cluster near the unit circle. Consequently, one obtains a
criterion ensuring that the zeros of a sequence of polynomials equidistribute around the unit circle.

In the first part of the present work, we introduce the concept of equidistribution of sets in order
to understand what it means for the zeros of a sequence of polynomials to equidistribute. Then,
using the Portmanteau theorem [Bil99, Theorem 2.1], we present an example that helps illustrate
and visualize this concept. More precisely, we prove that the zeros of a sequence of complex poly-
nomials equidistribute with respect to the Haar measure µS1 if and only if two associated quantities,
namely the angular and radial discrepancies, tend to 0 along the sequence. From this point, we be-
gin reviewing the work developed by Soundararajan in [Sou19], where a self-contained proof of the
Erdős-Turán theorem based on Fourier analysis is presented. To conclude the first chapter, we show
how the Jentzsch-Szegő theorem can be recovered from the Erdős-Turán theorem by using the nota-
tion and techniques introduced by Soundararajan. This chapter provides intuition for the concept of
equidistribution and prepares the ground for the final chapter, where we study a non-Archimedean
equidistribution result, that is, an equidistribution result concerning zeros of polynomials with coeffi-
cients in a field K endowed with a non-Archimedean absolute value.

The second chapter is devoted to an introduction to potential theory, which will be necessary
for the final part of this work. Since there is a close connection between Archimedean and non-
Archimedean potential theory, namely between the complex and the non-Archimedean settings, we
present the main concepts and results in both frameworks simultaneously in order to highlight the
analogies between them. Our main goal is to understand the Berkovich projective line P1,an

K , a space
introduced to provide a more suitable topology than the one naturally arising from fields endowed
with a non-Archimedean absolute value. We therefore begin by introducing this space, and all the
non-Archimedean potential theory developed in this chapter is formulated in that setting. In the
non-Archimedean context, the Berkovich projective line plays a role analogous to that of the Riemann
sphere Ĉ in complex analysis. Once the Berkovich projective line has been introduced, we proceed
with the main notions of potential theory, including logarithmic energy and potentials, equilibrium
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measure, harmonic and subharmonic functions, and Green’s function. We conclude the chapter by
presenting several fundamental results in potential theory that will be needed in the sequel.

The final chapter of this work is mainly devoted to understanding the results presented in [CHA15].
Motivated by the work of Andrievskii and Blatt [AB02, Section 2], where complex potential theory is
used to establish an equidistribution result on the Riemann sphere generalizing the classical Jentzsch-
Szegő theorem, Chambert-Loir develops an equidistribution result on compact Riemann surfaces and
analytic curves over ultrametric fields. This result generalizes not only the classical Jentzsch-Szegő
theorem in the complex plane, but also the equidistribution theorem obtained by Andrievskii and
Blatt. We begin by reviewing [CHA15, Theorem 2.1], which constitutes the main result of Chambert-
Loir’s work in the non-Archimedean setting. We do so in the framework of the Berkovich projective
line, making use of all the necessary background and previous results. We then show how the classical
Jentzsch-Szegő theorem can be recovered from this result, and we present an application yielding a
non-Archimedean analogue of the Jentzsch-Szegő theorem. We conclude both the chapter and the
present work by comparing the Erdős-Turán theorem with the equidistribution result established by
Chambert-Loir in the setting of the Riemann sphere with pole at p = ∞ and the unit disk as the main
domain of study. In particular, we are interested in determining whether one implies the other and
the relationship between them.
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2. A first approach to equidistribution

The purpose of this section is to introduce the notion of equidistribution. We present the definition
and discuss several results concerning the equidistribution of zeros of complex polynomials, with the
aim of building intuition for the non-Archimedean setting developed in subsequent sections.

2.1 Definition and example

We begin with the definition of equidistribution.

Definition 2.1. Let X be a topological space and let µ be a Borel probability measure on X. Denote
by δx the Dirac measure at a point x ∈ X. A sequence of non-empty sets {Sn}∞n=1 ⊂ X is said to be
equidistributed with respect to µ if the discrete measures νn = 1

#Sn

∑
x∈Sn

δx converge weakly-∗ to µ,
that is, if for all continuous and bounded function f ∈ CB(X) we have∫

X
f dνn =

1

#Sn

∑
x∈Sn

f(x) −→
n

∫
X
f dµ.

We now present a proposition regarding the equidistribution of zeros of polynomials around the
unit circle. To do so, we first need the following definition.

Definition 2.2. Let X = C be equipped with the usual topology induced by the standard metric,
and let P (z) ∈ C[z] be a polynomial of degree N with complex coefficients. Given an arc I on the
unit circle, denote by NA(P, I) the number of zeros of P lying in the sector determined by I, and by
|I| the length of the arc. Given an open interval J ⊂ R>0 such that 1 ∈ J , denote by NR(P, J) the
number of zeros of P with modulus in J . We define the angular discrepancy and the radial discrepancy,
respectively, as

DA(P ) = sup
I

∣∣∣∣NA(P, I)

N
− |I|

2π

∣∣∣∣ , DR(P ) = sup
J

∣∣∣∣NR(P, J)

N
− 1

∣∣∣∣ .
Let µS1 denote the Haar measure on S1. For a sequence of polynomials {Pn}n, let ν(Pn) be the

zero-counting measure of Pn, that is ν(Pn) =
1
dn

∑dn
i=1 δαn,i , where dn = deg(Pn) and {αn,i}dni=1 are the

zeros of Pn, repeated according to the multiplicity.

The following result is a consequence of the Portmanteau theorem, which gives several equivalent
characterizations of weak convergence of measures.

Proposition 2.3. With the notation introduced above, the following are equivalent:

(i) limnDA(Pn) = 0 and limnDR(Pn) = 0.

(ii) the sequence of zeros of the polynomials {Pn}n equidistributes with respect to the Haar measure
on S1.

Proof. (i) ⇒ (ii): Given an arc I on the unit circle such that |I| < π, and an interval J ⊂ R>0, we
define the set AI,J = {reiθ | θ ∈ I, r ∈ J}. The sets AI,J form a π-system of R2 \ {0} in the sense of
[Bil99, Section 2]. Indeed, given two such sets AI,J and AI′,J ′ , we have

AI,J ∩AI′,J ′ = AI∩I′, J∩J ′ ,
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where I∩I ′ is either an arc on the unit circle or the empty set, and similarly J∩J ′ is either an open inter-
val in R>0 or the empty set. Hence the class is closed under finite intersections, and therefore it is a π-
system. Therefore, by [Bil99, Theorem 2.3], it suffices to check that limn

∫
1AI,J

dν(Pn) =
∫
1AI,J

dµS1

for all AI,J . Let J = (α, β). If 1 < α or β < 1, then
∫
1AI,J

dµS1 = 0. Since
∫
1AI,J

dν(Pn) ⩽ DR(Pn),
and limnDR(Pn) = 0 by hypothesis, we conclude that in this case limn

∫
1AI,J

dν(Pn) =
∫
1AI,J

dµS1 .

Now, if α < 1 < β, then
∫
1AI,J

dµS1 = |I|
2π . Moreover,∣∣∣∣∫ 1AI,J

dν(Pn)−
|I|
2π

∣∣∣∣ ⩽ ∣∣∣∣∫ 1AI,J
dν(Pn)−

NA(Pn, I)

dn

∣∣∣∣+ ∣∣∣∣NA(Pn, I)

dn
− |I|

2π

∣∣∣∣ .
The second term is bounded above by DA(Pn), which tends to 0 by hypothesis. On the other hand,

the difference NA(Pn,I)
dn

−
∫
1AI,J

dν(Pn) corresponds exactly to the proportion of zeros of Pn whose
argument lies in I but whose modulus does not belong to J . Therefore,∣∣∣∣∫ 1AI,J

dν(Pn)−
NA(Pn, I)

dn

∣∣∣∣ ⩽ ∣∣∣∣NR(Pn, J)

dn
− 1

∣∣∣∣ ⩽ DR(Pn),

which also tends to 0 by hypothesis. Hence, limn

∫
1AI,J

dν(Pn) =
∫
1AI,J

dµS1 . Since this holds for

every set AI,J in the π-system, by [Bil99, Theorem 2.3] we conclude that {ν(Pn)}n
w∗
−−→ µS1 .

(ii) ⇒ (i): From the Portmanteau Theorem [Bil99, Theorem 2.1], if {ν(Pn)}n converges weakly-∗
to µS1 , then for all µS1-continuity set A (that is, µS1(∂A) = 0) we have that limn

∫
1A dν(Pn) =∫

1A dµS1 . If we first take A to be the sector defined by some arc I on the unit circle, then ∂A are
two lines emanating from the origin and µS1(∂A) = µS1(∂A ∩ S1) = 0, because the intersection are

the two endpoints of the arc I. In this case,
∫
1A dν(Pn) =

NA(Pn,I)
dn

and
∫
1A dµS1 = |I|

2π , and by the

Portmanteau Theorem [Bil99, Theorem 2.1], limn

∣∣∣NA(Pn,I)
dn

− |I|
2π

∣∣∣ = 0. Since this works for any arc I

on the unit circle, it follows that limnDA(Pn) = 0.

Now, if we take A to be the set of complex numbers such that its modulus is not within an open
interval J ⊂ R>0 containing 1, then ∂A are the circles defined by the sides of the interval, and therefore
µS1(∂A) = 0. In this case,

∫
1A dν(Pn) = 1 − NR(Pn,J)

dn
and

∫
1A dµS1 = 0, and by the Portmanteau

Theorem [Bil99, Theorem 2.1], limn

∣∣∣NPn,J

dn
− 1
∣∣∣ = 0. Since this works for any arc J satisfying these

conditions, then limnDR(Pn) = 0.

Proposition 2.3 shows that the zeros of a sequence of complex polynomials equidistribute on the
unit circle if and only if the quantities DA(Pn) and DR(Pn) tend to 0 as n → ∞. Now, if we denote
by αj = ρje

iθj , j = 1, . . . , N the roots of P ∈ C[z], another quantity that will be useful is

M(P ) =
1

N
log

N∏
j=1

max

(
ρj ,

1

ρj

)
.

It measures the radial distribution of the zeros. The asymptotic vanishing condition implies the
vanishing of DR, as shown below.

Proposition 2.4. If limnM(Pn) = 0, then limnDR(Pn) = 0.
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Proof. Denote by {αn,i}dni=1 the roots of Pn, where dn = deg(Pn). Let J = (j1, j2) ⊂ R>0 be an open
interval containing 1, that is, j1 < 1 < j2. Set M = min(j−1

1 , j2) > 1. We have

M(Pn) =
1

dn

dn∑
i=1

logmax

(
|αn,i|,

1

|αn,i|

)

⩾
1

dn

 ∑
i:|αn,i|⩽j1

logmax

(
|αn,i|,

1

|αn,i|

)
+

∑
i:|αn,i|⩾j2

logmax

(
|αn,i|,

1

|αn,i|

)
=

1

dn

 ∑
i:|αn,i|⩽j1

log
1

|αn,i|
+

∑
i:|αn,i|⩾j2

log |αn,i|

 ⩾
logM

dn
(#{i : |αn,i| ⩽ j1}+#{i : |αn,i| ⩾ j2})

=
logM

dn
(#{i : |αn,i| /∈ J}) = logM

∣∣∣∣NR(Pn, J)

dn
− 1

∣∣∣∣ > 0.

Since limnM(Pn) = 0 by hypothesis, and since this argument applies for any interval J satisfying the
above conditions, it follows that limnDR(Pn) = 0.

2.2 On the classical Erdős-Turán theorem

In this context, there is a well known result due to Erdős and Turán [ET50] which states that, if a
monic polynomial has small size on the unit circle and its constant coefficient is not too small, then its
zeros become evenly distributed in angle. In [Sou19], Soundararajan gives a self-contained proof of this
result and shows that, under the same assumptions, the zeros of the polynomial are close to the unit
circle. In this section, we review and study the work presented in [Sou19], discussing some aspects of it.

Let P (z) = zN + aN−1z
N−1 + . . . + a1z + a0 ∈ C[z] be a monic polynomial of degre N with

complex coefficients, and roots αj = ρje
iθj , j = 1, . . . , N . The intuition behind the hypotheses of the

Erdős-Turán result can be motivated through simple examples. Consider first the polynomial zN− 1
2

N
,

whose zeros are not near |z| = 1. In this case, the constant term gets smaller as N grows. On the
other hand, the zeros of the polynomial (z − 1)N fail to exhibit an evenly angular distribution, and
the polynomial attains a maximal size of 2N on the unit circle.

We are interested in capturing information about the size of the polynomial on the unit circle and
the size of the constant coefficient, in order to relate them to the distribution of the zeros, which will
be discussed later. To do so, a first quantity we may consider (with the convention that a0 ̸= 0) is

H(P ) = max
|z|=1

|P (z)|√
|a0|

.

This quantity can be lower and upper bounded, by combining the triangle inequality, Parseval’s
identity, and the Cauchy-Schwarz inequality, as

1

|a0|
∥P∥22 ⩽ H(P )2 ⩽

N

|a0|
∥P∥22, where ∥P∥2 =

 N∑
j=0

|aj |2
1/2

. (1)
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Therefore, assuming that H(P ) is small is equivalent to assuming that the coefficients of P are small
and that the constant coefficient a0 is not too small. Actually, we can consider the slightly more
precise quantity

h(P ) =
1

2π

∫ 2π

0
log+

|P (eiθ)|√
|a0|

dθ, where log+ x = max (0, log x).

Taking into account the AG-mean, that aN = 1, and the lower bound in (1), then

2 ⩽ |a0|+
1

|a0|
=

1

|a0|
(|a0|2 + |aN |2) ⩽ 1

|a0|
∥P∥22 ⩽ H(P )2,

and it follows that

h(P ) ⩽ max
|z|=1

log+
|P (z)|√

|a0|
= log+max

|z|=1

|P (z)|√
|a0|

= log+H(P ) = logH(P ). (2)

Therefore, the assumption that h(P ) is small is weaker than the assumption that H(P ) is small. Now,
the two main theorems that together constitute the result presented in [Sou19] are the following:

Theorem 2.5. For any monic polynomial P (z) ∈ C[z] of degree N ,

M(P ) ⩽ 2
h(P )

N
.

Theorem 2.6. For any monic polynomial P (z) ∈ C[z] of degree N ,

DA(P ) ⩽
8

π

√
h(P )

N
.

These inequalities show how the size of the polynomial on the unit circle and the size of the constant
coefficient (measured by h(P )) control the distribution of its zeros. What is also worth noting, is that
these results are not merely qualitative, they provide quantitative estimates. In combination, the two
theorems indicate that the smaller the value h(P )/N , the closer the zeros are to the unit circle and the
more uniform their angular distribution. Hence, for any sequence of monic polynomials {Pn}n with
deg(Pn) = dn as n → ∞ such that limn h(Pn)/dn = 0, then limnM(Pn) = 0 and limnDA(Pn) = 0,
and therefore the zeros equidistribute around the unit circle (see Proposition 2.3 and Proposition 2.4).

Remark 2.7. While the equidistribution result in [Sou19] is stated for monic polynomials, it extends
naturally to the non-monic case. Since a polynomial and its monic normalization share the same set
of zeros, we can simply apply this result to the associated monic sequence. The quantity h(P ) is
specifically defined for monic polynomials, otherwise, a normalizing factor of

√
|aN | would be required

in the denominator. Here, aN denotes the leading coefficient of P .

2.2.1 Radial distribution

As mentioned before, Theorem 2.5 provides a relation between h(P ) and the distribution of the
roots of P near the unit circle. In [Sou19], this result is obtained by applying Jensen’s formula to

f(z) = P (z)√
|a0|

, and then rewriting the resulting identity in an equivalent form. Adding these two

equivalent expressions yields the desired result. A more direct approach is shown below.

6



Proof of Theorem 2.5. Consider the function f(z) = P (z)zNP (z−1)
|a0| . Given that f(0) = a0

|a0| , it follows

that log |f(0)| = 0. By Jensen’s formula,

1

2π

∫ 2π

0
log

|P (eiθ)eiθNP (e−iθ)|
|a0|

dθ =
1

2π

(
2

∫ 2π

0
log

|P (eiθ)|√
|a0|

dθ

)
=
∑
j

log
1

|zj |
, (3)

where the zj denote the zeros of f lying inside the unit disk. Now, the zeros of f consist of the zeros
{α1, . . . , αN} of P (z) together with the zeros { 1

α1
, . . . , 1

αN
} of zNP (z−1). Therefore, recalling that

ρj = |αj |, the last term in (3) can be rewritten as

∑
j

log
1

|zj |
=
∑
ρj<1

log
1

ρj
+
∑
ρj>1

log ρj =
∑
j

logmax

(
ρj ,

1

ρj

)
= log

N∏
j=1

max

(
ρj ,

1

ρj

)
,

and the desired result follows from

2h(P ) ⩾ 2
1

2π

∫ 2π

0
log

|P (eiθ)|√
|a0|

dθ = log
N∏
j=1

max

(
ρj ,

1

ρj

)
.

2.2.2 Angular distribution

The goal now is to focus on the proof of Theorem 2.6 given in [Sou19]. Before, a few auxiliary lemmas
and a proposition are required. These are stated and reviewed here to highlight key aspects and make
their proof easier to follow. The full proofs of these are omitted here but can be found in [Sou19].
First of all, it turns out that we can restrict the attention to polynomials with all zeros on the unit
circle due to [Sou19, Lemma 1], which states the following.

Lemma 2.8. Let P (z) =
∏N

j=1(z − αj) with αj = ρje
iθj , and define the polynomial Q by Q(z) =∏N

j=1(z − eiθj ). Then for any z with |z| = 1, we have |P (z)|√
|a0|

⩾ |Q(z)|, so that h(P ) ⩾ h(Q).

Sketch of the proof. The first inequality follows easily from [Sou19]. Now, the constant term of Q(z)

satisfies |a0| =
∏N

j=1 |eiθj | = 1. Proving that |P (z)|√
|a0|

⩾ |Q(z)| for any z with |z| = 1, we deduce that

h(Q) =
1

2π

∫ 2π

0
log+ |Q(eiθ)| dθ ⩽

1

2π

∫ 2π

0
log+

|P (eiθ)|√
|a0|

dθ = h(P ).

Remark 2.9. Note that DA(P ) = DA(Q), as the discrepancy only depends on the argument and not
the modulus of the zeros. Therefore, if we prove Theorem 2.6 for Q, that is, NDA(Q) ⩽ 8

π

√
Nh(Q),

then

NDA(P ) = NDA(Q) ⩽
8

π

√
Nh(Q) ⩽

8

π

√
Nh(P ),

and the Theorem 2.6 for P follows.

We continue by invoking [Sou19, Lemma 2].
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Lemma 2.10. Let P (z) =
∏N

j=1(z − eiθj ). For any integer k ̸= 0 we have

N∑
j=1

eikθj = −|k|
π

∫ 2π

0
eikθ log |P (eiθ)| dθ. (4)

Consequently, for any integer k ̸= 0,
∣∣∣∑N

j=1 e
ikθj
∣∣∣ ⩽ 4|k|h(P ).

Sketch of the proof. The idea behind the proof of (4) starts by showing that

1 = −|k|
π

∫ 2π

0
cos(kx) log

(
sin
(x
2

))
dx = −|k|

π

∫ 2π

0
eikx log |eix − 1| dx.

Then, for any ϕ ∈ R and k ∈ Z \ {0}, we apply the change of variable θ = x + ϕ and multiply both
sides by eikϕ to obtain

eikϕ = −|k|
π

∫ 2π

0
eikθ log |eiθ − eiϕ| dθ.

Summing this expression over all ϕ = θj yields (4). Finally, we obtain the upper bound by taking the
absolute value on both sides of (4) and observing that, by the identity | log x| = 2 log+ x − log x and
Jensen’s formula,

1

2π

∫ 2π

0

∣∣∣log |P (eiθ)|
∣∣∣ dθ = 2h(P ).

Let I be an arc on the unit circle, and let I denote the indicator function for the arc I (which is
2π-periodic), that is, I(θ) = 1 if eiθ ∈ I and 0 otherwise. To establish a bound for the discrepancy, we
have to work with the function NA(P, I) =

∑N
j=1 I(θj), which gives the number of zeros lying on the

arc I. Since I is periodic, we can be tempted to use its Fourier expansion, but I is not continuous.
Instead, we can replace I with a 2π-periodic function g with better behaved Fourier series, and then
choose g to be a suitable approximation to the indicator function.

The following is [Sou19, Proposition 1].

Proposition 2.11. Let P (z) =
∏N

j=1(z − eiθj ). Let g(θ) be a 2π-periodic continuous function such
that

∑∞
k=−∞ |kĝ(k)| < ∞, where

ĝ(k) =
1

2π

∫ 2π

0
g(θ)e−ikθ dθ

denotes the Fourier coefficients of g. Put G(θ) =
∑∞

k=−∞ |k|ĝ(k)eikθ and G = maxθ |G(θ)|. Then∣∣∣∣∣∣
N∑
j=1

g(θj)−
N

2π

∫ 2π

0
g(θ) dθ

∣∣∣∣∣∣ ⩽ 4Gh(P ).

Sketch of the proof. The strategy for proving this proposition is straightforward. First, we employ the
Fourier expansion of g to show that

N∑
j=1

g(θj)−
N

2π

∫ 2π

0
g(θ) dθ =

∑
k ̸=0

ĝ(k)
N∑
j=1

eikθj = − 1

π

∫ 2π

0
log |P (eiθ)|

∑
k ̸=0

|k|ĝ(k)eikθ dθ,
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where the last equality holds thanks to Lemma 2.10. Now, the absolute value of this last term can be
upper bounded by 4Gh(P ), using the definition of G and again the identity | log x| = 2 log+ x− log x
and the Jensen’s formula.

At this point, the plan is to make more precise the bound from Lemma 2.11 for a certain type of
functions g, obtained by convolving the indicator function I with suitable nice functions K. Later, we
will make a specific choice for K so that the resulting function approximates the indicator function
well. By [Sou19, Lemma 3], we have the following.

Lemma 2.12. Let I be an arc on the unit circle, and let I(θ) denote its indicator function. Let K
be a 2π-periodic continuous function that is always nonnegative, and whose Fourier coefficients K̂(n)
are all nonnegative, with

∑
n∈Z K̂(n) < ∞. Let g be the convolution of I and K. Thus,

g(θ) =
1

2π

∫ 2π

0
I(α)K(θ − α) dα.

Then, g satisfies the hypothesis of Proposition 2.11, and in the notation used there,

G = max
θ

∣∣∣∣∣
∞∑

k=−∞
|k|ĝ(k)eikθ

∣∣∣∣∣ ⩽ 2

π2
K(0).

Sketch of the proof. Let I be the arc defined by {eit|t ∈ [α, β]}. First, since the Fourier coefficients of
the convolution of two functions are the products of their Fourier coefficients, and using the Fourier
expansion of K, we obtain

∞∑
k=−∞

|kĝ(k)| ⩽ 1

π

∞∑
k=−∞

K̂(k) =
1

π
K(0) < ∞.

Hence, K satisfies the hypothesis of Proposition 2.11. Moreover,

G = max
θ

|G(θ)| = max
θ

∣∣∣∣∣
∞∑

k=−∞
|k|ĝ(k)eikθ

∣∣∣∣∣ ⩽
∞∑

k=−∞
|kĝ(k)| ⩽ K(0)

π
.

While this result provides an initial bound for G, we can further refine this estimate as follows.

The fact that K and the Fourier coefficients K̂(n) are all real valued by hypothesis implies that

K̂(n) = K̂(n) =
1

2π

∫ 2π

0
K(x)e−inx dx =

1

2π

∫ 2π

0
K(x)einx dx = K̂(−n).

Now, using that sgn(−k) = −sgn(k) and K̂(n) = K̂(−n), it follows that

G(θ) =
1

2πi

∞∑
k=−∞
k ̸=0

sgn(k)K̂(k)(eik(θ−α) − eik(θ−β)) =
1

π

∑
k>0

sgn(k)K̂(k)(sin(k(θ − α))− sin(k(θ − β))).

Therefore, writing ϕ = β−α
2 , and using that |sgn(k)| = 1, |K̂(k)| = K̂(k) (since K̂ is nonnegative by

hypothesis), together with the identity sinx− sin y = 2 cos
(x+y

2

)
sin
(x−y

2

)
, we obtain

|G(θ)| ⩽ 2max
ϕ

1

π

∑
k>0

K̂(k)| sin(kϕ)|. (5)
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Finally, using the Fourier expansion | sinx| = 2
π − 4

π

∑∞
ℓ=1

cos(2ℓx)
4ℓ2−1

, we deduce that the right-hand side

of (5) is bounded above by 2
π2K(0), which completes the proof.

We are now ready to prove Theorem 2.6.

Proof of Theorem 2.6. Let I be an arc on the unit circle. In order to prove Theorem 2.6, it suffices to
show that

NA(P, I)−
N

2π
|I| ⩽ 8

π

√
Nh(P ).

Applying this inequality to Ic (the arc complementary to I) and using the fact that

NA(P, I) +NA(P, I
c) = N =

N

2π
|Ic|+ N

2π
|I|,

we obtain

NA(P, I)−
N

2π
|I| = −

(
NA(P, I

c)− N

2π
|Ic|
)

⩾ − 8

π

√
Nh(P ),

and Theorem 2.6 follows.

Let g be a 2π-periodic function that majorizes the indicator function of I, that is, g(θ) ⩾ 0 always,
and g(θ) ⩾ 1 if eiθ ∈ I. Then

NA(P, I)−
N

2π
|I| ⩽

N∑
j=1

g(θj)−
N

2π
|I|

=

 N∑
j=1

g(θj)−
N

2π

∫ 2π

0
g(θ) dθ

+N

(
1

2π

∫ 2π

0
g(θ) dθ − |I|

2π

)
. (6)

The goal is now to find a suitable function g to which we can apply Proposition 2.11 and Lemma 2.12
in order to bound the first term in (6), while keeping g as close as possible to the indicator function
I so that the second term in (6) remains small.

Let 0 < δ < π. Denote by Iδ the arc obtained by enlarging I on both sides by δ (if |I|+ 2δ > 2π,
then Iδ = S1), and let Iδ be the indicator function of Iδ. Let Kδ be the 2π-periodic function defined
by

Kδ(θ) =
2π

δ2
max(δ − |θ|, 0), θ ∈ (−π, π].

We compute its Fourier coefficients as follows. For k ∈ Z, noting that max(δ − |θ|, 0) = 0 if |θ| > δ,
we have

K̂δ(k) =
1

2π

∫ π

−π
Kδ(θ)e

−ikθ dθ =
1

2π

∫ δ

−δ

2π

δ2
(δ − |θ|)e−ikθ dθ

=
1

δ2

(∫ δ

−δ
(δ − |θ|) cos(kθ) dθ − i

∫ δ

−δ
(δ − |θ|) sin(kθ) dθ

)
=

2

δ2

∫ δ

0
(δ − θ) cos(kθ) dθ,

where the last equality follows from the fact that δ − |θ| and cos are even functions, while sin is odd.
Now, if k = 0, then

K̂δ(0) =
2

δ2

∫ δ

0
(δ − θ) dθ = 1.
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If k ̸= 0, integrating by parts and using the identity 1− cos(kδ) = 2 sin2(kδ/2), we obtain

K̂δ(k) =

(
sin(kδ/2)

kδ/2

)2

.

Take g(θ) = 1
2π

∫ 2π
0 Iδ(α)Kδ(θ−α)dα to be the convolution of Iδ and Kδ. It is always nonnegative

because both the indicator function Iδ and the kernel Kδ are nonnegative by definition. Moreover, if
eiθ ∈ I, the support of the kernel Kδ(θ − α) is contained within the widened arc Iδ where Iδ(α) = 1,
allowing the expression to simplify to g(θ) = 1

2π

∫ 2π
0 Kδ(θ − α)dα which, by the 2π-periodicity of the

kernel, is equal to 1
2π

∫ 2π
0 Kδ(α)dα. Now, since K̂δ(0) = 1, we have that 1

2π

∫ 2π
0 Kδ(α)dα = 1.

We can think of g as a smoothed version of the indicator function I, spread over a neighborhood
of size δ around the arc I. If δ is small, then g is closer to I, and the second term in (6) is small.
However, as δ decreases, g becomes less smooth, and the first term in (6) increases. The goal is to
choose δ appropriately to balance these two effects.

Now, note that

ĝ(0) =
1

2π

∫ 2π

0
g(θ) dθ =

1

2π

∫ 2π

0

1

2π

∫ 2π

0
Iδ(α)Kδ(θ − α) dα dθ

=
1

4π2

∫ 2π

0
Iδ(α)

∫ 2π

0
Kδ(θ − α) dθ dα =

1

2π

∫ 2π

0
Iδ(α) dα =

|Iδ|
2π

=
|I|+ 2δ

2π
,

unless Iδ = S1, in which case ĝ(0) = 1. Therefore, the second term in (6) can be rewritten as

N

2π

∫ 2π

0
g(θ) dθ − N |I|

2π
=

N(|I|+ 2δ)

2π
− N |I|

2π
=

Nδ

π
.

Moreover, the first term in (6) can be bounded using Proposition 2.11 and Lemma 2.12 as∣∣∣∣∣∣
N∑
j=1

g(θj)−
N

2π

∫ 2π

0
g(θ) dθ

∣∣∣∣∣∣ ⩽ 4h(P )max
θ

∣∣∣∣∣
∞∑

k=−∞
|k|ĝ(k)eikθ

∣∣∣∣∣ ⩽ 4h(P )
2

π2
Kδ(0) =

16

πδ
h(P ).

Putting everything together, from (6) we obtain

NA(P, I)−
N

2π
|I| ⩽

N∑
j=1

g(θj)−
N

2π
|I| ⩽ 16

πδ
h(P ) +

Nδ

π
. (7)

Minimizing the right-hand side with respect to δ, we find that the optimal value is attained at δ =

4

√
h(P )
N . Substituting this into (7), we obtain the desired bound NA(P, I)− N

2π |I| ⩽
8
π

√
Nh(P ).

2.3 Applications

Let S(z) =
∑∞

j=0 ajz
j be a complex power series having finite radius of convergence R, and denote

by Sn(z) =
∑n

j=0 ajz
j its truncation to the n-th partial sum. Jentzsch [Jen18] proved that each

point of the circle {z ∈ C : |z| = R} is a limit point of zeros of polynomials Sn(z), n = 1, 2, . . ..
Szegő [Sze22] improved this result by showing that there is a subsequence {nk}∞k=1 with ni ∈ N \ {0}
for which the zeros of the partial sums Snk

(z) are uniformly distributed in angle in a fixed annulus
R− ϵ ⩽ |z| ⩽ R+ ϵ, with ϵ > 0 arbitrarily small. Next, we prove that the theorem of Jentzsch-Szegő
can be deduced from the result given in [Sou19].
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2.3.1 From Erdős-Turán to Jentzsch-Szegő

Suppose, without loss of generality, that the convergence radius of S(z) is R = 1. Otherwise, we can
define w = z/R to have S′(w) =

∑∞
j=0 ajR

jwj with radius of convergence R′ = 1, and apply the
argument to it. Since the truncations Sn of S will be related to the truncations S′

n of S′ through
Sn(z) = S′

n(z/R), if wn = zn/R is a zero of S′
n, then zn will be a zero of Sn. Therefore, if there exists

a subsequence {nk}∞k=1 for which the zeros of the sequence of partial sums {S′
nk
}k of S′ equidistribute

around the unit circle, the zeros of the sequence of partial sums {Snk
}k of S will equidistribute around

the circle of radius R.

Suppose that the constant term of the series is not zero, that is, a0 ̸= 0. Denote by S̃n the monic
polynomial obtained by S̃n = Sn/an. Since the zeros of S̃n and the zeros of Sn are the same, it suffices
to see that there exists a subsequence {nk}∞k=1 for which the zeros of the sequence of partial sums

{S̃nk
}k equidistribute around the unit circle, because therefore the zeros of the sequence {Snk

}k will
too. This slight change will allow us to use the result in [Sou19].

Since R = 1, we know that limk |ak|
1
k = 1 by definition, and therefore it exists a strictly increasing

sequence of indices {nk}∞k=1 such that the subsequence {|ank
|

1
nk }∞k=1 verifies limk→∞ |ank

|
1
nk = 1. Now,

with the notation introduced in Section 2.2,

H(Snk
(z)) = max

|z|=1

|Snk
(z)|√
|a0|

⩽

∑nk
j=0 |aj |√
|a0|

⩽
(nk + 1)max0⩽j⩽nk

|aj |√
|a0|

⩽
(nk + 1)C(1 + ϵ)nk√

|a0|
,

where the last inequality holds thanks to [Lan99, Corollary 2.8], which states that there exists a
constant value C ∈ R>0 such that for all ϵ > 0 and for all j, |aj | ⩽ C(1 + ϵ)j . From this, it follows
that

0 ⩽ h(S̃nk
(z)) ⩽ logH(S̃nk

(z)) = logH(Snk
(z))− 1

2
log |ank

|

⩽ log(nk + 1) + logC + nk log(1 + ϵ)− 1

2
log |a0| −

1

2
log |ank

|.

Then,

lim
k

h(S̃nk
(z))

nk
⩽ lim

k

log(nk + 1)

nk
+ lim

k

C

nk
+ log(1 + ϵ)− lim

k

log |a0|
2nk

− lim
k

log |ank
|

2nk
.

Since the limit exists for all the terms but the last one, they can be computed to get that

lim
k

h(S̃nk
(z))

nk
⩽ log(1 + ϵ)− 1

2
lim
k

log |ank
|

1
nk = log(1 + ϵ)− 1

2
log lim

k
|ank

|
1
nk = log(1 + ϵ),

where we have used that the log is continuous and strictly increasing, and that the limit limk |ank
|

1
nk

exists and it is equal to 1, thanks to the hypothesis that R = 1. Since this works for all ϵ > 0, we can
choose ϵ arbitrarily small and log(1 + ϵ) ≈ log(1) = 0, which means that

0 ⩽ lim
k

h(S̃nk
(z))

nk
⩽ lim

k

h(S̃nk
(z))

nk
⩽ 0.
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Therefore limk
h(S̃nk

(z))

nk
= 0 and, by Theorem 2.5 and Theorem 2.6, this means that the zeros of

{S̃nk
}∞k=1 equidistribute around the unit circle.

The case a0 = 0 can be proved as follows. Suppose that the first term in the series with non-
zero coefficient is zn0 . Then we can write S(z) = zn0(an0 + an0+1z + . . .) = zn0S′(z), and since
S′(z) is a series with finite radius of convergence and non-zero constant term, using what we have
proved above it is deduced that limk M(S′

nk
) = 0 and limk DA(S

′
nk
) = 0, for a strictly increasing

sequence of indices {nk}∞k=1. By Proposition 2.3 and Proposition 2.4, this means that {ν(S′
nk
)}k

converges weakly-∗ to µS1 . Now, the measure given by the zeros αn,1, . . . , αn,n of Sn satisfies ν(Sn) =
1
n

∑n
j=1 δαn,j = n0

n δ0 + 1
n

∑n−n0
j=1 δα′

n,j
= n0

n δ0 + n−n0
n ν(S′

n), with ν(S′
n) = 1

n−n0

∑n−n0
j=1 δα′

n,j
. Thus

{ν(Snk
)}k = {n0

nk
δ0 + nk−n0

nk
ν(S′

nk
)}k converges weakly-∗ to µS1 , since {ν(S′

nk
)}k does so. Again,

thanks to Proposition 2.3, this means that the zeros of {Snk
}∞k=1 equidistribute around the unit circle.
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3. Potential theory on the Berkovich projective
line

Let K be an algebraically closed field that is complete with respect to a non-Archimedean absolute
value | · |, and let A be a K-algebra. It is difficult to define a satisfactory notion of analytic function
on K, since the topology induced by the given absolute value is totally disconnected and not locally
compact (see, for instance, [Gou93, Section 2.3]). However, Berkovich’s theory [Ber90] provides a very
satisfactory solution to these difficulties. In this section, we introduce Berkovich spaces in a simplified
setting (more general constructions exist, but the present approach is sufficient for our purposes), with
particular emphasis on the Berkovich projective line. We then study potential theory on this space,
mainly following [BR10]. This will be relevant for Section 4.

3.1 The Berkovich projective line

We begin with a proposition concerning the geometry of disks in fields endowed with a non-Archimedean
absolute value. This will help build intuition in this setting and provide a clearer picture of the con-
structions that follow.

Proposition 3.1. Let a ∈ K and r ∈ R>0. We denote by D(a, r) = {z ∈ K : |z − a| < r} the open
disk of center a and radius r, and by D(a, r) = {z ∈ K : |z − a| ≤ r} the closed disk of center a and
radius r. The following properties hold.

(i) If b ∈ D(a, r), then D(a, r) = D(b, r). That is, every point of an open disk is its center. The
same statement holds for closed disks.

(ii) Any two open disks of positive radius are either disjoint or one is contained in the other. The
same holds for closed disks.

Proof. (i) Let b, z ∈ D(a, r). Then |z−b| = |z−a+a−b| ⩽ max{|z−a|, |a−b|} < r, so z ∈ D(b, r).
This gives D(a, r) ⊆ D(b, r). For the reverse inclusion, let z ∈ D(b, r). Since b ∈ D(a, r),
|z − a| ⩽ max{|z − b|, |b− a|} < r, so z ∈ D(a, r). The same argument holds for closed balls.

(ii) LetD(a, r) andD(b, s) be two open balls that are not disjoint, so there exists z ∈ D(a, r)∩D(b, s).
Assuming s ⩽ r, by (i) we have D(b, s) = D(z, s) ⊆ D(z, r) = D(a, r). The same argument
holds for closed balls.

We can now turn to the construction of Berkovich spaces.

Definition 3.2. A multiplicative seminorm on A extending | · | is a map | · |x : A → R⩾0 such that
for all f, g ∈ A, λ ∈ K,

(i) |f + g|x ⩽ |f |x + |g|x, (ii) |fg|x = |f |x|g|x, (iii) |λ|x = |λ|.
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Definition 3.3. Let X = Spec(A) be an affine scheme. The Berkovich analytification Xan of X is
the topological space defined by the set of multiplicative seminorms on A extending the given absolute
value | · | on K, equipped with the weakest topology such that all evaluation maps

evf : Xan → R≥0, | · |x 7→ |f |x,

are continuous for each f ∈ A. That is, as a set,

Xan := {| · |x : A → R≥0 | | · |x is a multiplicative seminorm on A extending | · | on K}.

A basis of the topology is given, for f ∈ A and r, s ∈ R≥0, by the sets {| · |x ∈ Xan | r < |f |x < s}.

Remark 3.4. More generally, ifX is an arbitrary scheme covered by affine subschemes {Xi = Spec(Ai)}i,
we define Xan by gluing the spaces Xan

i .

With a slight abuse of notation, we will denote by x ∈ Xan the points corresponding to multiplica-
tive seminorms | · |x. For our purposes, it suffices to consider the following case.

Definition 3.5. Let K[T ] denote the polynomial ring in one variable T with coefficients in K. Taking
X = A1

K = Spec(K[T ]) in Definition 3.3, we obtain the Berkovich affine line A1,an
K , whose points

correspond to multiplicative seminorms on K[T ] extending | · |.

A classical example of a point in A1,an
K is obtained by considering a closed disk D(a, r) in K and

defining |f |D(a,r) = supz∈D(a,r) |f(z)|, f ∈ K[T ]. The ultrametric inequality ensures this is a seminorm,

and multiplicativity follows from the Gauss Lemma (see [Bos94, Section 1.5.3, Corollary 2]), and the
Maximum Modulus Principle in non-Archimedean analysis (see Proposition 3.55). Hence, each closed
disk inK gives a point of A1,an

K . In particular, K embeds into A1,an
K via the map a 7→ |·|D(a,0). More gen-

erally, if {D(an, rn)}n is any decreasing nested sequence of closed disks, the map f 7→ limn |f |D(an,rn)

defines a multiplicative seminorm on K[T ] extending | · | on K. Indeed, each | · |D(an,rn)
is a multi-

plicative seminorm, and the properties are preserved under limits.

The following result, known as Berkovich’s Classification Theorem, is fundamental in the study of
A1,an
K . We state the theorem without proof in order to avoid making this work excessively long. Proofs

may be found in [BR10, Theorem 1.2, Theorem 2.2].

Theorem 3.6. Every point x ∈ A1,an
K corresponds to a nested sequence of closed disks D(a1, r1) ⊇

D(a2, r2) ⊇ D(a3, r3) ⊇ . . ., in the sense that

|f |x = lim
n

|f |D(an,rn)
.

Two such nested sequences define the same point of A1,an
K if and only if

(i) each has a nonempty intersection and their intersections are the same, or

(ii) both have empty intersection and the sequences are cofinal (to say that {D(a′j , r
′
j)}j is cofinal in

{D(ai, ri)}i means that for each i, there is a j such that D(a′j , r
′
j) ⊆ D(ai, ri)).

Remark 3.7. As mentioned in Theorem 3.6, it may happen that the intersection
⋂∞

n=1D(an, rn) is
empty. An example of this phenomenon for K = Cp (the field of complex p-adic numbers, for a
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prime p) is given in [BR10, Section 1.2]. In this case, K is said to be not spherically complete. Such
sequences necessarily satisfy r = limn rn > 0, since otherwise the completeness of K implies that the
intersection consists of a single point in K. Indeed, if rn → 0, then the centers an form a Cauchy
sequence in K: for m ≥ n, the nesting condition implies |am − an| ≤ rn. Since rn → 0, given ε > 0
there exists N such that rn < ε for all n ≥ N . Hence, |am − an| < ε for all m ≥ n ≥ N , proving that
(an)n is Cauchy. By completeness of K, there exists a ∈ K such that an → a. Now fix n. For every
m ≥ n, the ultrametric inequality gives |a − an| ≤ max{|a − am|, |am − an|} ≤ max{|a − am|, rn}.
Letting m and using am → a, we obtain |a − an| ≤ rn, so that a ∈ D(an, rn) for every n. Therefore,
a ∈

⋂∞
n=1D(an, rn), and the intersection is nonempty.

By Theorem 3.6, depending on the nature of the intersection D =
⋂∞

n=1D(an, rn), the points of

A1,an
K can be classified into four types:

Type I: D is a point of K. This corresponds to nested sequences {D(ai, ri)}i satisfying r =
limn rn = 0. As noted in Remark 3.7, the completeness of K assures that the intersec-
tion of such a sequence is a point a ∈ K.

Type II: D is a closed disk with radius belonging to |K∗| = {|a| : a ∈ K∗} ⊂ R>0. That is,
points corresponding to nested sequences {D(ai, ri)}i with nonempty intersection, for
which r = limn rn > 0 belongs to |K∗|.

Type III: D is a closed disk with radius not belonging to |K∗|. That is, points corresponding to
nested sequences {D(ai, ri)}i with nonempty intersection, but for which r = limn rn > 0
does not belongs to |K∗|.

Type IV: D = ∅. That is, points corresponding to nested sequences {D(ai, ri)}i with empty
intersection.

Note that the description of the points of A1,an
K in terms of closed disks is very useful, as it allows

us to visualize the abstract space of multiplicative seminorms with which we started. We will denote
by ζa,r the point of A1,an

K corresponding to the seminorm | · |D(a,r). A particularly interesting point is

the so-called Gauss point, corresponding to the disk D(0, 1), namely ζ0,1, which from now on we will
denote by ζGauss.

To better understand A1,an
K , we now give a more intuitive explanation of why it is uniquely path-

connected. Let x, x′ ∈ A1,an
K be two distinct points corresponding to the disks D(a, r) and D(a′, r′),

respectively. We describe the unique path from x to x′ as follows. If D(a, r) ⊂ D(a′, r′), the path
consists of all points of A1,an

K corresponding to disks containing D(a, r) and contained in D(a′, r′). If
a = a′, this reduces to the family {D(a, t) : r ⩽ t ⩽ r′}. If D(a, r) and D(a′, r′) are disjoint, let
D(a, |a− a′|) = D(a′, |a− a′|) be the smallest closed disk containing both (see Proposition 3.1). Then
the unique path between x and x′ is obtained by expanding D(a, r) through the disks D(a, t), with
r ≤ t ≤ |a− a′|, until reaching the disk D(a, |a− a′|), and then shrinking through the disks D(a′, t′),
with r′ ≤ t′ ≤ |a−a′|, until reaching D(a′, r′). If x∨x′ denotes the point corresponding to D(a, |a−a′|)
in A1,an

K , then the unique path from x to x′ is the concatenation of the path from x to x ∨ x′ and the
path from x ∨ x′ to x′.

Proposition 3.8. The Berkovich affine line A1,an
K is a locally compact and Hausdorff space.

Proof. See [BR10, Theorem C.3].
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Example 3.9. Let us perform a useful computation. Fix α ∈ K, and consider the function

Fα : A1,an
K −→ R⩾0, | · |D(a,r) 7−→ |T − α|D(a,r).

Suppose first that |a − α| < r. Then α ∈ D(a, r), and hence, by Proposition 3.1, D(a, r) = D(α, r).
Therefore, supz∈D(a,r) |z−α| = supz∈D(α,r) |z−α| = r. Now suppose that |a−α| > r. Since a ∈ D(a, r),

we immediately obtain supz∈D(a,r) |z−α| ⩾ |a−α|. Conversely, if z ∈ D(a, r), then by the ultrametric

inequality, |z − α| = |z − a + a − α| ⩽ max(|z − a|, |a − α|) ⩽ max(r, |a − α|) = |a − α|. Hence,
supz∈D(a,r) |z − α| = |a− α|.

We now introduce the space that will be the main focus from now on, the Berkovich projective line
P1,an
K . As a topological space, it can be defined as the one-point compactification of the locally compact

Hausdorff space A1,an
K . As a set, P1,an

K is obtained from the Berkovich affine line by adjoining a type I

point at infinity, denoted ∞. The topology on P1,an
K is the one-point compactification topology, that

is, the open subsets of P1,an
K are exactly the open subsets of A1,an

K , together with the subsets U ⊆ P1,an
K

such that ∞ ∈ U and A1,an
K \ U is compact. Moreover,

HBerk = P1,an
K \ P1

K

will denote the set of points of type II, III, or IV.

Figure 1: The Berkovich projective line (adapted from an illustration of Joe Silverman)

Proposition 3.10. Every type II point of P1,an
K has infinitely many branches.

Proof. Let x = D(a, r) ∈ P1,an
K be a type II point, that is, r ∈ |K∗|. Since r ∈ |K∗|, there exists

c ∈ K∗ with |c| = r, and by the change of variables T 7→ (T − a)/c, we may assume without loss of
generality that x = ζGauss. We consider the ring of integers OK = {z ∈ K : |z| ⩽ 1}, its maximal
ideal mK = {z ∈ K : |z| < 1}, and the residue field K̃ := OK/mK , whose elements are the equivalence
classes of OK under the relation b ∼ b′ ⇐⇒ |b − b′| < 1. The connected components of P1,an

K \ {x}
are of two types. The components contained in ζGauss are indexed by the elements of K̃: two such
components are distinct if and only if there is no disk strictly contained in ζGauss containing points
from both. The remaining component consists of all points y with ζGauss ⊊ y, together with ∞, and
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corresponds to the point ∞ ∈ P1
K̃
. Therefore all branches are indexed by K̃ ∪ {∞} = P1

K̃
. Since K

is algebraically closed, its residue field K̃ is also algebraically closed: any polynomial over K̃ can be
lifted to OK , where it has a root by algebraic closedness of K, whose reduction gives a root in K̃. In
particular, K̃ is infinite, since a finite field cannot be algebraically closed. Therefore |P1

K̃
| = ∞, which

concludes the proof.

Let us now take a closer look at P1,an
K through the visualization in Figure 1. From a type II

point ζa,r (for instance, ζGauss) infinitely many branches emerge (Proposition 3.10). Moving along a
branch without branching corresponds to continuously varying the radius of the disk through values
outside the value group, passing through type III points. The endpoints of the tree are either type I
points, corresponding to sequences of disks whose intersection is a single point of K, or type IV points,
corresponding to sequences of disks with empty intersection.

The distinction between type II and type III points can be understood as follows. When the radius
r belongs to the value group |K∗|, there exist points of K at distance exactly r from a, that is, points
on the boundary of D(a, r). These give rise to new disjoint subdisks, and hence new branches in the
tree: this is a type II point. In contrast, when r /∈ |K∗|, no point of K lies at distance exactly r from
a, so no new branches appear or disappear as the radius crosses r, and the corresponding point is of
type III, lying in the interior of an edge of the tree.

Proposition 3.11. The Berkovich projective line P1,an
K is a compact, Hausdorff and path-connected

topological space which contains P1
K .

Proof. The compactness and Hausdorff properties follow from, for instance, [BR10, Theorem C.3],
while path-connectedness is proved in [BR10, Lemma 2.10]. Finally, P1

K embeds into P1,an
K in the same

way that A1
K embeds into A1,an

K , together with the additional point at infinity.

Remark 3.12. Since the Berkovich projective line P1,an
K includes the point at infinity ζ∞ which cannot

be described as a seminorm on K[T ] due to the fact that polynomials are unbounded near ∞, we work
with two affine charts: the standard chart with coordinate T , and the chart at infinity with coordinate
T−1, in which {∞} corresponds to the classical point T−1 = 0.

The space A1,an
K is endowed with the natural partial order defined by saying that x ⩽ y if and only

if |f |x ⩽ |f |y for all f ∈ K[T ]. In terms of disks, if x, y ∈ A1
Berk are points of type I, II or III, we

have x ⩽ y if and only if the disk corresponding to x is contained in the disk corresponding to y. For
each pair of points x, y ∈ A1

Berk, there is a unique least upper bound x ∨ y ∈ A1
Berk with respect to

this partial order. Concretely, if x = ζa,r, y = ζb,s are points of type I, II or III, then x ∨ y is the

point of A1,an
K corresponding to the smallest disk containing both B(a, r) and B(b, s). We can extend

the partial order to P1,an
K by declaring that x ⩽ ∞ for all x ∈ A1,an

K . As explained above, writing

[x, x′] = {z ∈ P1,an
K : x ⩽ z ⩽ x′} ∪ {z ∈ P1,an

K : x′ ⩽ z ⩽ x}, we see that the unique path between

x, y ∈ P1,an
K is [x, y] = [x, x ∨ y] ∪ [x ∨ y, y].

The following are two interesting results concerning the topology of A1,an
K . To state them, we first

need the next definition and an auxiliary lemma.

Definition 3.13. The set E(0, 1) = { | · |x ∈ A1,an
K | |T |x ⩽ 1 } is the closed unit disk in A1,an

K .

Remark 3.14. Note that for the points of type I, II, or III, E(0, 1) can be expressed as

E(0, 1) = { ζa,r ∈ A1,an
K | |a| ⩽ 1, r ⩽ 1 }.
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Lemma 3.15. Let x ∈ E(0, 1), and f ∈ K[T ]. Then, x = ζGauss if and only if |T − a|x = 1 for all
a ∈ K such that |a| ⩽ 1.

Proof. (⇒) Assume that x = ζGauss. By Proposition 3.55, |T−a|x = supz∈D(0,1) |z−a| = max(|a|, 1) =
1, where the last equality holds for all a ∈ K with |a| ⩽ 1.

(⇐) Let x ∈ E(0, 1). Assume that |T − a|x = 1 for all a ∈ K with |a| ⩽ 1. Let f ∈ K[T ], and
write f(T ) = α

∏n
i=1(T − ai), since K is algebraically closed. By multiplicativity of the seminorm,

|f |x = |α|
n∏

i=1

|T − ai|x.

We distinguish two cases. If |ai| ⩽ 1, then by assumption |T − ai|x = 1. If |ai| > 1, then since
x ∈ E(0, 1) we have |T |x ⩽ 1, and the ultrametric inequality yields |T − ai|x ⩽ max(|T |x, |ai|) = |ai|.
On the other hand, |ai| ⩽ max(|T − ai|x, |T |x) ⩽ max(|T − ai|x, 1), hence |T − ai|x = |ai|. Therefore,

|f |x = |α|
∏

|ai|⩽1

1
∏

|ai|>1

|ai| = |α|
n∏

i=1

max(1, |ai|).

This is exactly the Gauss norm of f , so |f |x = |f |ζGauss
for all f ∈ K[T ], and hence x = ζGauss.

Proposition 3.16. Let x ∈ E(0, 1) \ {ζGauss}. Then x ∈ ˚E(0, 1), the interior of E(0, 1).

Proof. Let x ̸= ζGauss. By Lemma 3.15 there exists an element a ∈ K with |a| ⩽ 1 such that
|T − a|x < 1. Set

U = {| · |x ∈ A1,an
K | |T − a|x < 1}.

We claim that U ⊂ E(0, 1). Indeed, |T |x ⩽ max(|T − a|x, |a|x) ⩽ 1, using the non-Archimedean
property for | · |x, the fact that |T − a|x < 1, and |a|x = |a| ⩽ 1. Moreover, x ∈ U , and since U is open
in A1,an

K , it follows that x is an interior point of E(0, 1). Every open neighbourhood of ζGauss contains
points ζa,r with r > 1, which do not belong to E(0, 1), so ζGauss is not an interior point.

Remark 3.17. The same statement holds if, in Proposition 3.16, we replace E(0, 1) with the closed
disk E(0, R) ⊂ A1,an

K of radius R.

Proposition 3.18. Every point x ∈ A1,an
K is closed.

Proof. For every f ∈ K[T ], the function Ff : A1,an
K → R⩾0 defined by | · |x 7→ |f |x is continuous by

definition of the topology. For any α ∈ R⩾0, consider the set

Zf,α = {| · |y ∈ A1,an
K | |f |y = α} = F−1

f ({α}).

Since {α} ⊂ R⩾0 is closed and Ff is continuous, the set Zf,α is closed. Now let | · |x ∈ A1,an
K . Then⋂

f∈K[T ]

Zf,|f |x = {| · |y ∈ A1,an
K | |f |y = |f |x for all f ∈ K[T ]}.

Since two multiplicative seminorms on K[T ] are equal if and only if they agree on every polynomial
f ∈ K[T ], the previous set is precisely {| · |x}. Therefore {| · |x} is an intersection of closed sets, hence
it is closed.
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3.2 Basic concepts on potential theory

In this section we introduce the basic definitions and properties of potential theory, both in the complex
and in the non-Archimedean settings, with an emphasis on the latter. This will serve as a basis for
the results presented in Section 4.

3.2.1 Capacity theory

From Theorem 3.6 we know that any x ∈ A1,an
K corresponds to a nested sequence of disks {D(ai, ri)}i.

We call r = limi ri the radius (or diameter) of x, and write r = diam∞(x).

Definition 3.19. Let x, y ∈ A1,an
K . Consider the paths [x,∞] and [y,∞] from x to ∞ and from y to

∞, respectively, and denote by x ∨∞ y the point where they first meet. The Hsia kernel is defined as

δ(x, y)∞ = diam(x ∨∞ y).

Actually, suppose that x ∈ A1,an
K corresponds to the sequence {D(ai, ri)}i, and y ∈ A1,an

K cor-
responds to the sequence {D(bi, si)}i. Denoting by Ri = max(ri, si, |ai − bi|), the disk D(ai, Ri) =
D(bi, Ri) is the smallest one containing D(ai, ri) = D(bi, si), and then

δ(x, y)∞ = lim
i
max(ri, si, |ai − bi|).

Definition 3.20. Let E ⊂ P1,an
K \ {∞}. Given a probability measure η with support contained in E,

we define the energy of η as

I[η] =

∫∫
E×E

− logv δ(x, y)∞ dη(x)dη(y),

where logv denotes the logarithm to the base qv, with qv > 1 a fixed real number chosen so that
− logv | · | is a normalized valuation on K.

Example 3.21. If K = Cp endowed with the standard absolute value | · |p for which |p|p = p−1, then
we set qv = p in order to have {logp |z|p : z ∈ C∗

p} = Q.

Remark 3.22. In the complex setting, the Hsia kernel is replaced by log 1
|x−y| with x, y ∈ C, without

the minus sign. In both cases, the kernel captures information about the distance between x and y.
The greater the distance, the lower the energy.

Definition 3.23. Let now η vary over probability measures with support contained in E. We define
the Robin constant as

V (E) = inf
η
I[η],

and the logarithmic capacity as

capE = q−V (E)
v .

A set E with capE = 0 is called polar. If capE > 0, then E is called non-polar.

These definitions agree with those in the complex setting, where P1,an
K is replaced by the Riemann

sphere Ĉ. Let us now see an example of capacity.
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Example 3.24. Let E = {a}, with a ∈ HBerk. Then, the only probability measure supported on E is
the Dirac measure δa, for which

I[δa] =

∫∫
E×E

− logv δ(x, y)∞ dδa(x)dδa(y) = − logv δ(a, a)∞ = − logv diam∞(a).

Therefore, V (E) = − logv diam∞(a), and capE = diam∞(a).

Definition 3.25. If E ⊂ P1,an
K \{∞} is compact and cap(E) > 0, there is always a probability measure

µE for which I[µE ] = V (E), called the equilibrium measure.

Proposition 3.26. Under the conditions from Definition 3.25, the equilibrium measure always exists
and it is unique.

Proof. In the non-Archimedean setting, existence is proved in [BR10, Proposition 6.6], while unique-
ness is proved in [BR10, Proposition 7.19]. In the complex setting, the corresponding result can be
found in [Ran95, Theorem 3.3.2].

Definition 3.27. For a given probability measure η, the associated potential function is

Uη(z,∞) =

∫
− logv δ(z, w)∞dη(w).

From Definition 3.20 and Definition 3.27, it follows that the energy can be expressed in terms of
the potential as

I[η] =

∫
uη(z,∞)dη(z).

Example 3.28. Let us present an example in the complex setting that will be useful later. Following
the computations in [AB02, Section 1.1.5], let E = {z ∈ C | |z| = 1} be the unit circle and let
dη = ds/2π, where ds denotes the arc length measure on E. Then the equilibrium measure of E
is µE = ds/2π = µS1 , the Haar measure on the unit circle, and capE = 1 = capD(0, 1), where
D(0, 1) = {z ∈ C | |z| ⩽ 1}. More generally, the equilibrium measure of D(a, r) is ds/2πr, where ds
denotes the arc length measure on the circle |z − a| = r, and capD(a, r) = r.

3.2.2 Harmonic functions

There is a canonical metric ρ on HBerk, which we refer to as the path metric, that is of great importance
for non-Archimedean potential theory. If x, y ∈ HBerk are points such that x ⩽ y, we define

ρ(x, y) = logv
diam(y)

diam(x)
.

More in general, given any pair of points x, y ∈ HBerk, we define

ρ(x, y) = ρ(x, x ∨ y) + ρ(y, x ∨ y) = 2 logv diam(x ∨ y)− logv diam(x)− logv diam(y).

Definition 3.29. Let x ∈ P1,an
K . The space of tangent directions at x, Tx, is the set of equivalence

classes of paths [x, y] emanating from x, where y ∈ P1,an
K is any point different from x. Two paths are

equal if they share the same initial segment.

22



Note that there is a bijection between the connected components of P1,an
K \ {x} and the elements

v⃗ ∈ Tx. More concretely, by Proposition 3.10, we know that for x ∈ P1,an
K ,

|Tx| =


|P1(K̃)| x of type II,

2 x of type III,

1 x of type I or type IV.

Definition 3.30. A domain in P1,an
K is a non-empty connected open subset U ⊂ P1,an

K .

Definition 3.31. Let U ⊂ P1,an
K be a domain, and let f : U → R ∪ {±∞} be a continuous extended-

real valued function which is finite-valued on HBerk. We say that f is continuous piecewise affine on
U , and write f ∈ CPA(U) if the following conditions are satisfied:

(CPA1) The restriction of f to HBerk is piecewise-affine with respect to the path metric ρ. Concretely,
this means that for each x ∈ HBerk and each sufficiently small path [x, y] emanating from x, the
restriction of f to [x, y] is affine.

(CPA2) If x ∈ U ∩ HBerk, then for each v⃗ ∈ Tx the directional derivative dv⃗f(x) is well-defined.
Concretely, this means that for each v⃗ ∈ Tx, there exists a constant mv⃗ = dv⃗f(x) such that for
every y ∈ HBerk representing the tangent direction v⃗, there exists a point y′ ∈ (x, y] such that
for every z ∈ (x, y′] we have

f(z) = f(x) +mv⃗ρ(x, z).

(CPA3) For each x ∈ U ∩HBerk, we have dv⃗f(x) = 0 for all but finitely many v⃗ ∈ Tx. In particular,
the quantity

∆x(f) := −
∑
v⃗∈Tx

dv⃗f(x)

is well-defined for each x ∈ U ∩HBerk.

Definition 3.32. Let U ⊂ P1,an
K be a domain and let h ∈ CPA(U). If x ∈ HBerk, we say that h is

harmonic at x if ∆x(h) = 0, that is, if the sum of the slopes of h in all tangent directions emanating
from x is zero. If x ∈ P1(K), we say that h is harmonic at x if h is constant on an open neighborhood
of x.

Example 3.33. Let f(T ) =
∏n

i=1(T − ai) ∈ K[T ] be a nonconstant polynomial, and let

F (x) =


−∞ x = ∞,

+∞ x ∈ {a1, . . . , an},
− logv |f |x P1,an

K \ {∞, a1, . . . , an}.

It is a continuous extended-real valued function by construction, and finite-valued on HBerk.

Let us start with Type I points. For x ∈ K \ {a1, . . . , an}, choose r < mini |x − ai| so that
D(x, r) contains none of the ai. For any point y = ζb,s in the corresponding Berkovich disk, we have
D(b, s) ⊂ D(x, r), so ai /∈ D(b, s) for all i, i.e., s < |b − ai| for all i. For each i, since b ∈ D(x, r), we
have |b − x| ⩽ r < |x − ai|. Applying the ultrametric inequality to b − ai = (b − x) + (x − ai) gives
|b− ai| ⩽ max(|b− x|, |x− ai|) = |x− ai|. For the other direction, applying the ultrametric inequality
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to x − ai = (x − b) + (b − ai) gives |x − ai| ⩽ max(|x − b|, |b − ai|), and since |x − b| ⩽ r < |x − ai|,
we must have |b − ai| ⩾ |x − ai|. Therefore |b − ai| = |x − ai| for all i, and by the argument above
|T−ai|y = |b−ai| = |x−ai| = |T−ai|x. Hence F (y) = − logv

∏
i |T−ai|y = − logv

∏
i |T−ai|x = F (x).

Since F is constant on the Berkovich disk corresponding to D(x, r), which is an open neighborhood
of x, F is harmonic at x by definition.

Let us show that F is harmonic on HBerk. To simplify the setting, we first consider the case where
f(T ) = T − a. Denote by Λa the unique path in P1,an

K joining a and ∞, namely Λa = [a,∞], and let

ra : P1,an
K ↠ Λa be the retraction map onto Λa, obtained by projecting each point along the corre-

sponding branch until it reaches Λa. We first study the case of two points lying on Λa, then the case of
two points lying outside Λa, and finally the case where one point lies on Λa and the other lies outside Λa.

Take two points x = ζa,r and x′ = ζa,r′ in Λa with r < r′. Then Fa(x) = − logv |T −a|x = − logv r,
and similarly Fa(x

′) = − logv |T − a|x′ = − logv r
′. Therefore, Fa(x

′)− Fa(x) = − logv r
′ + logv r. On

the other hand, ρ(x, x′) = logv diam(x′) − logv diam(x) = logv r
′ − logv r. Hence, Fa(x

′) − Fa(x) =
mv⃗ ρ(x, x

′), with slope mv⃗ = −1. In the direction from ∞ to a, the corresponding slope is mv⃗ = 1.

For x = ζb,s /∈ Λa, the disk D(b, s) does not contain a, i.e., s < |b − a|. For any z ∈ D(b, s), we
have |z − b| ⩽ s < |b − a|, so by the ultrametric inequality |z − a| ⩽ max(|z − b|, |b − a|) = |b − a|.
Since b ∈ D(b, s) and |b − a| = |b − a|, the supremum is attained at z = b, so |T − a|x = |b − a|.
Now take another point x′ = ζb′,s′ in the same branch, i.e., D(b′, s′) ⊂ D(b, s) (or vice versa),
with a /∈ D(b′, s′). Since b′ ∈ D(b, s), we have |b′ − b| ⩽ s < |b − a|. By the ultrametric in-
equality, |b′ − a| ⩽ max(|b′ − b|, |b − a|) = |b − a|. For the other direction, applying the ultra-
metric inequality to b − a = (b − b′) + (b′ − a) gives |b − a| ⩽ max(|b − b′|, |b′ − a|), and since
|b − b′| ⩽ s < |b − a|, we must have |b′ − a| ⩾ |b − a|. Therefore |b′ − a| = |b − a|, and so
Fa(x

′) = − logv |T − a|x′ = − logv |b′ − a| = − logv |b − a| = Fa(x). Hence Fa is constant on ev-
ery branch off Λa, that is, for all x ∈ P1,an

K , Fa(x) = Fa(ra(x)).

Finally, for a point x = ζa,r ∈ Λa and a point y = ζb,s in a branch off Λa at x, we have
D(b, s) ⊂ D(a, r) and a /∈ D(b, s), i.e., s < |b − a|. Since ra(y) = x, the smallest disk centered
at a containing D(b, s) is D(a, |b − a|) = D(a, r), so |b − a| = r. For any z ∈ D(b, s), we have
|z − b| ⩽ s < |b− a|, so by the ultrametric inequality |z − a| ⩽ max(|z − b|, |b− a|) = |b− a| = r, and
the supremum is attained at z = b. Therefore |T − a|y = |b− a| = r = |T − a|x, giving Fa(y) = Fa(x)
and directional derivative 0 in that direction.

From the computations above, we can verify the three CPA conditions. In Λa, Fa is affine with
slope −1, giving (CPA1) and (CPA2) with mv⃗ = −1 in the direction towards ∞ and mv⃗ = 1 in
the direction towards a. Outside Λa, Fa is constant, giving (CPA1) and (CPA2) with mv⃗ = 0 in all
directions. Finally, at each point x ∈ HBerk, only the directions along Λa have nonzero directional
derivative, and each point there has only two nonzero directional derivatives (upwards and down),
verifying (CPA3). Then, Fa ∈ CPA(P1,an

K \ {∞, a}), and it is harmonic in the same set, since the only
points where the tangent directions are different from zero and do not cancel are ∞ and a.

Finally, for the general case we have F (x) =
∑n

i=1 Fa(x). Using the fact that if h1, h2 are harmonic
functions on a domain U , and c1, c2 ∈ R, then c1h1 + c2h2 is harmonic on U , we deduce that F is
harmonic on P1,an

K \ {∞, a1, . . . , an}.
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In the complex setting, harmonic functions can be defined as follows.

Definition 3.34. Let U be an open subset of C. A function h : U → R is called harmonic if h ∈ C2(U)

and ∆h = 0 on U , where ∆h denotes the Laplacian of h, that is, ∆h(x, y) = ∂2h
∂x2 + ∂2h

∂y2
.

A useful characterization for harmonic functions is the following.

Proposition 3.35. Let h be a function harmonic on an open neighborhood of the closed disk D(a, r) =
{z ∈ C | |z − a| ⩽ r}. Then

h(a) =
1

2π

∫ 2π

0
h(a+ reiθ)dθ. (8)

Proof. We refer the reader to [Ran95, Theorem 1.1.6].

Remark 3.36. In fact, the converse also holds (see [Ran95, Theorem 1.2.7]).

3.2.3 Subharmonic functions

There are many ways to define or characterize subharmonic functions. However, for the approach
relevant to our purposes, we first need some additional definitions. Consider a metrized graph Γ,
which, roughly speaking, is a graph whose edges are viewed as line segments endowed with a well-
defined length (see [BR10, Definition 3.1] for a precise definition). We denote by CPA(Γ) the space
of continuous, piecewise-affine, real-valued functions on Γ. If f ∈ CPA(Γ), then the directional
derivatives dv⃗f(p) are well defined for every p ∈ Γ and every v⃗ ∈ Tp(Γ). Hence, one can define a
Laplacian operator on CPA(Γ) as a map from CPA(Γ) to the space of discrete signed measures on Γ
by

∆(f) =
∑
p∈Γ

∆p(f) δp,

where
∆p(f) = −

∑
v⃗∈Tp(Γ)

dv⃗f(p),

and δp denotes the Dirac measure at p.

If S ⊆ Γ, let ∂S be the set of points belonging to the closures of both S and Γ\S. For each p ∈ ∂S,
let In(p, S) be the set of inward-pointing unit tangent vectors at p, that is, the set of all v⃗ ∈ Tp(Γ) for
which p+ tv⃗ belongs to S for sufficiently small t > 0. Analogously, let Out(p, S) = Tp(Γ) \ In(p, S) be
the collection of outward-directed unit tangent vectors at p.

Proposition 3.37. Let f ∈ CPA(Γ). Then the measure ∆(f) satisfies the following properties:

(i) If E ⊆ Γ is a finite union of connected closed sets, then

∆(f)(E) = −
∑
p∈∂E

∑
v⃗∈Out(p,E)

dv⃗f(p).

(ii) If V ⊆ Γ is a finite union of connected open sets, then

∆(f)(V ) =
∑
p∈∂V

∑
v⃗∈In(p,V )

dv⃗f(p).
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Proof. See [BR10, Lemma 3.4]

Let D(Γ) be the class of all functions on Γ whose one-sided derivatives exist everywhere, i.e.,

D(Γ) = {f : Γ → R : dv⃗f(p) exists for each p ∈ Γ and v⃗ ∈ Tp(Γ)}.

Definition 3.38. We will say that a continuous function f ∈ D(Γ) is of bounded differential variation,
and write f ∈ BDV(Γ), if there exists a bounded signed Borel measure on Γ satisfying properties (i)
and (ii) of Proposition 3.37. In this case, we define the Laplacian ∆(f) of f to be this measure.

Before introducing the definition of subharmonic functions, we need a couple more definitions.

Definition 3.39. Let Γ be a finite subgraph of P1,an
K , let rΓ : P1,an

K → Γ be the retraction map, and

let V be a connected open subset of Γ. We say that U = r−1
Γ (V ) is a simple domain of P1,an

K .

Definition 3.40. If U ⊂ P1,an
K is open, then V ⊂ U is a simple subdomain of U if V is a simple

domain and V̄ ⊂ U , where V̄ denotes the closure of V .

We are now ready to define subharmonic functions.

Definition 3.41. Let U be a domain in P1,an
K , and let f ∈ BDV(U) be a continuous extended-real

valued function. Then f is subharmonic on U if and only if ∆V (f)
∣∣
V
⩽ 0 for every simple subdomain

V of U.

Remark 3.42. Given a a domain U ⊂ P1,an
K , and a function f ∈ BDV(U), we can rewrite its Laplacian

as ddcf = −∆U (f) (see [BR10, Section 5.5]).

Example 3.43. Let f ∈ K[T ] be a nonzero polynomial. By the Lelong-Poincaré formula, we have
ddc logv |f | ⩾ 0 as a measure on A1,an

K . Therefore, by Remark 3.42, logv |f | is subharmonic on any

domain U ⊂ A1,an
K .

Before defining subharmonic functions in the complex setting, we need the following definition.

Definition 3.44. Let X be a topological space. We say that a function u : X → [−∞,∞) is upper
semicontinuous if the set {x ∈ X : u(x) < α} is open in X for each α ∈ R. Also v : X → (−∞,∞] is
lower semicontinuous if −v is upper semicontinuous.

We are now ready to define subharmonic functions.

Definition 3.45. Let U be an open subset of C. A function u : U → [−∞,∞) is called subharmonic
if it is upper semicontinuous and satisfies that, given a ∈ U , there exists ρ > 0 such that

u(a) ≤ 1

2π

∫ 2π

0
u(a+ reit) dt (0 ≤ r < ρ).

Also v : U → (−∞,∞] is superharmonic if −v is subharmonic.

Example 3.46. If f is holomorphic on an open set U in C, then log |f | is subharmonic on U . For a
proof see [Ran95, Theorem 2.2.2].

Now that we have introduced the notion of functions of bounded differential variation (BDV), we
are in a position to give a characterization of harmonic functions in the non-Archimedean setting.
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Definition 3.47. If U is a domain, a function f : U → R is strongly harmonic in U if it is continuous
on U , belongs to BDV(U), and satisfies ∆U (f) ≡ 0. If V is an arbitrary open set in P1,an

K , then
f : V → R is harmonic in V if for each x ∈ V , there is a domain Ux ⊂ V with x ∈ Ux on which f is
strongly harmonic.

Remark 3.48. Note that, by Remark 3.42 and Definition 3.47, given a domain U ⊂ P1,an
K and a function

f ∈ BDV(U), if f satisfies ddcf = 0, then f is harmonic.

3.2.4 Green’s function

Next, we introduce one of the central notions of potential theory, the Green’s function. For the complex
case, let E ⊂ C be an admissible set, that is, E is compact, non-polar, and Ĉ \ E is connected.

Definition 3.49. The Green’s function GE on E with pole at ∞ is defined as the unique function
with the following properties:

(i) GE(z,∞) is nonnegative and harmonic in Ĉ \ (E ∪ {∞}).

(ii) limz(GE(z,∞)− log |z|) = − log capE.

(iii) lim
z→ξ,z∈Ĉ\E GE(z,∞) = 0 for quasi-every ξ ∈ ∂(Ĉ \ E).

Remark 3.50. A property is said to hold quasi-everywhere on a set E if the set of exceptional points
is polar, that is, of capacity zero.

The existence and uniqueness of the Green’s function are proved in [Ran95, Theorem 4.4.2]. Fur-
thermore, GE is related to the logarithmic potential of µE through the following identity (see [ST24,
Section 1.4]):

UµE (z) = −GE(z,∞)− log capE, z ∈ Ĉ \ E.

Similarly, we have the following definition for the non-Archimedean setting.

Definition 3.51. Let E ⊂ P1,an
K \ {∞} be a compact non-polar set. The Green’s function GE on E

with pole at ∞ is
GE(z,∞) = V (E)− UµE (z,∞).

Proposition 3.52. Let E ⊂ P1,an
K \ {∞} be a compact non-polar set. Then GE(z,∞) satisfies the

following properties:

(i) GE(z,∞) ⩾ 0 for all z ∈ P1,an
K .

(ii) GE(z,∞) = 0 on P1,an
K \ U∞, except on a (possibly empty) subset of ∂U∞ of capacity 0. Here,

U∞ is the connected component of P1,an
K \ E containing {∞}.

(iii) GE(z,∞) is subharmonic in P1,an
K \ {∞}.

(iv) There exists a neighborhood of {∞} on which

GE(z,∞) = V (E)− logv ∥z,∞∥ = − logv cap(E) + logv max(1, diam(z)),

where ∥z,∞∥ = 1/max(1,diam(z)).
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Proof. It follows from [BR10, Proposition 7.33, Remark 7.34].

Remark 3.53. The Green’s function can also be defined with a pole at any point x ∈ P1,an
K (or x ∈ Ĉ in

the complex setting) other than the point at infinity. In the non-Archimedean case the definition is the
same, except that one replaces the Hsia kernel by the generalized Hsia kernel (see, for instance, [BR10,
Section 4.4]), and the corresponding properties remain valid, as in the case x = ∞. The only relevant
difference is that, in Proposition 3.52 (iv), the quantity ∥z, x∥ has to be replaced by its generalized
version (see [BR10, Proposition 4.8]). For the complex case, see [Ran95, Definition 4.4.1].

3.3 Basic results on potential theory

Here, we review several key results related to potential theory in both the complex and non-Archimedean
settings. These will be useful in Section 4. We begin with the non-Archimedean version of the Maxi-
mum Modulus Principle for subharmonic functions.

Proposition 3.54. Let U ⊂ P1
Berk be a domain, and suppose that f is subharmonic on U . Then

(i) If f is nonconstant, then f does not achieve a global maximum on U .

(ii) If f extends continuosly to Ū , then f achieves its maximum value on ∂U .

Proof. See [BR10, Proposition 8.13, Corollary 8.14]

Next, we state a result known as the Maximum Modulus Principle in non-Archimedean analysis,
adapted to our setting.

Proposition 3.55. Let f =
∑n

i=1 aiT
i ∈ K[T ]. Then, |f |D(a,r) = supz∈D(a,r) |f(z)| = supi |ai|ri.

Proof. For a full proof see [Bos94, Section 5.1.4, Proposition 2, Proposition 3].

Proposition 3.56. (Harnack’s Principle) Let U ⊆ P1
Berk be a domain, and suppose f1, f2, . . . are

harmonic in U with 0 ≤ f1 ≤ f2 ≤ . . . . Then either

(i) limi fi(x) = ∞ for each x ∈ U , or

(ii) f(x) = limi fi(x) is finite for all x, the fi converge uniformly to f on compact subsets of U , and
f is harmonic in U .

Proof. See [BR10, Proposition 7.31].

We now consider the Dirichlet problem in the complex case (the non-Archimedean case is analo-
gous).

Definition 3.57. (Dirichlet Problem) Given a domain D ⊂ C and a continuous function ϕ : ∂D → R,
the Dirichlet problem is to find a harmonic function h on D such that limz→ξ h(z) = ϕ(ξ) for all
ξ ∈ ∂D.
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In the complex case, by [Ran95, Theorem 1.2.2], any solution h, if it exists, is unique. If D is
a disk, a solution always exists, whereas in general domains there may be no solution. In the non-
Archimedean setting, the problem is solved via Perron’s method (see [Thu05, Section 3.1.3]).

The following is Hurwitz’s Theorem, which in the classical complex setting can be stated as follows.

Theorem 3.58. Suppose that a sequence of holomorphic functions (fn)n on a domain G converges
compactly in G to a holomorphic function f on G. Let U be a bounded open subset of G with Ū ⊂ G
such that f has no zeros on ∂U . Then there is an index nU ∈ N such that for each n ⩾ nU the
functions f and fn have the same number of zeros in U .

Proof. Can be found in [Rem91, Chapter 8, Section 5.5].

In the non-Archimedean setting, the analogue of Hurwitz’s theorem follows from the Newton-
Puiseux theorem and the theory of Newton polygons.

Proposition 3.59. Let E ⊂ C be a compact non-polar subset, and let µE denote the equilibrium
measure on E. Let ν be a Borel probability measure supported on ∂E. If Uν(z) ⩽ UµE (z), z ∈ C \ E,
then ν = µE.

Proof. The proof is in [AB02, Lemma 1.8]. The non-Archimedean case is analogous.

In the complex setting, we have the following well-known result.

Proposition 3.60. If f(z) ∈ C[z] is defined and continuous on a closed bounded set E and analytic
on the interior of E, then the maximum of |f(z)| on E is assumed on the boundary of E.

Proof. We refer the reader to [Ahl79, Chapter 4, Section 3, Theorem 12] for the proof.

Lemma 3.61. (Bernstein-Walsh) Let E ⊂ C be an admissible set, that is, E is compact, non-polar,
and C \E is connected. Let GE denote the Green’s function on E with pole at ∞. Let pn ∈ C[z] with
deg(pn) = n, and let ∥pn∥E = supz∈E |pn(z)|. Then,

|pn(z)| ⩽ ∥pn∥E exp(nGE(z)), z ∈ Ĉ \ ({∞} ∪ E).

Proof. See [AB02, Lemma 1.11].
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4. A second approach to equidistribution

In this chapter, we review and discuss the work presented by Chambert-Loir in [CHA15]. In that work,
equidistribution results on compact Riemann surfaces and analytic curves over ultrametric fields are
established, generalizing the classical Jentzsch-Szegő theorem in the complex plane. Our main goal is
to provide a detailed proof for this extension in the Berkovich projective line.

In [AB02, Section 2], Andrievskii and Blatt utilized complex potential theory to present an equidis-
tribution result on the Riemann sphere that generalizes the classical Jentzsch-Szegő theorem. As we
have seen in Section 3, the ultrametric setting admits a non-Archimedean potential theory formally
analogous to the classical one. Chambert-Loir extended the results from [AB02] to compact Riemann
surfaces of arbitrary genus, with the aim of proving a non-Archimedean analogue of the Jentzsch-Szegő
theorem.

4.1 Chambert Loir’s extension of Jentzsch-Szegő

We start by stating the main theorem of this section, namely [CHA15, Theorems 1.2 and 2.1].

4.1.1 Statement

Let K be an algebraically closed field complete with respect to a (possibly non-Archimedean) absolute
avalue | · |. Assume, furthermore, that K admits a countable dense subset. Let M = P1,an

K be the

analytification of the projective line over K. If K = C then M = P1,an
C = Ĉ is the Riemann sphere,

and if K is a non-Archimedean field, then M = P1,an
K is the Berkovich projective line. Let p = {∞},

and let T−1 be a local parameter at p. Let E ⊂ M be a non-polar compact subset, GE the Green
function on E, and assume that Ω = M \ E is connected and such that p ∈ Ω. For a polynomial
f ∈ K[T ] we define ∥f∥E = sup∂E |f |. Finally, recall that ν(f) denotes the measure associated with
the zeros of f .

Theorem 4.1. Let (dn)n be a sequence of positive integers converging to +∞, and let fn ∈ K[T ] be
a non-zero polynomial of degree dn. Assume that:

(i) lim
n

1

dn
log ∥fn∥E ≤ 0,

(ii) for every compact set C ⊂ E̊, lim
n

ν(fn)(C) = 0,

(iii) there exists a non-empty compact set S ⊂ Ω such that

lim
n

sup
S

(
1

dn
log |fn| −GE

)
≥ 0.

Then, the sequence of measures {ν(fn)}n converges to the equilibrium measure µE in the weak-∗
topology.
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4.1.2 Proof

Here we prove Theorem 4.1 in the case where K is a non-Archimedean valued field and M = P1,an
K .

To do so, we need several auxiliary results, which we state and prove before giving the proof of the
main theorem. We begin by introducing some additional notation.

There exists a norm ∥ · ∥cap on the tangent line TpM such that capE is the norm of the tangent
vector ∂/∂T−1 ∈ TpM , and this norm is independent of the choice of local parameter. The leading
coefficient at p of a polynomial f ∈ K[T ] with deg(f) = d is defined as

jd(f) = lim
q→p

f(q)T−1(q)d
(

∂

∂T−1

)⊗d

,

and it is an element of TpM
⊗d, independent of the choice of local parameter.

Lemma 4.2. Let f ∈ K[T ] be a polynomial with deg(f) = d. The function 1
d log |f | −GE is subhar-

monic on Ω, and for any point q ∈ Ω \ {p}, we have f(q) ⩽ ∥f∥E exp(dGE(q)).

Proof. Set φ = 1
d log |f | −GE . By the Example 3.43 we know that log |f | is subharmonic in Ω \ {p}.

Moreover, by section (iii) of Proposition 3.52, GE is subharmonic in P1,an
K \ {p}, so in particular it is

subharmonic in Ω \ {p}. Therefore, φ is subharmonic in Ω \ {p}. In fact, it is subharmonic on Ω since,
after choosing the local parameter T−1 at ∞, the map z 7→ f(z)T−1(z)d extends to a nonvanishing
analytic function in a neighborhood of ∞, so φ extends continuously to ∞. Now, by the Maximum
Modulus Principle for subharmonic functions (see Proposition 3.54), we have that

sup
Ω

φ = sup
q∈∂Ω

fine. lim
T→q
T∈Ω

φ(T ) = sup
q∈∂Ω

1

d
log |f(q)| = 1

d
log sup

∂E
|f | = 1

d
log ∥f∥E ,

where we have used that by section (ii) of Proposition 3.52, the Green’s function GE vanishes in
∂E = ∂Ω up to polar sets that we ignore by taking the fine topology. Therefore, if we take q ∈
Ω\{∞} ⊂ P1,an

K , using that supΩ φ = 1
d log ∥f∥E , we have that φ(q) =

1
d log |f(q)|−GE(q) ⩽ 1

d log ∥f∥E ,
and hence exp(log |f(q)| − dGE(q)) ⩽ exp(log ∥f∥E), and therefore |f(q)| ⩽ ∥f∥E exp(dGE(q)).

Remark 4.3. By Lemma 4.2, the function φn = d−1
n log |fn| −GE is subharmonic on Ω for every n. In

particular (see [BR10, Definition 8.1]), φn is upper semicontinuous, and therefore bounded above on
every compact subset of Ω. Hence, the upper bound on S appearing in Condition (iii) of Theorem 4.1
is finite. Moreover, Lemma 4.2 shows that supS φn ⩽ supΩ φn = d−1

n log ∥fn∥E , since S ⊂ Ω. Together
with Condition (iii) of Theorem 4.1, this yields limn d

−1
n log ∥fn∥E ⩾ limn supS φn ⩾ 0. On the other

hand, Condition (i) of Theorem 4.1 implies that limn supS φn ⩽ limn d
−1
n log ∥fn∥E ⩽ 0. Putting

everything together, we conclude that Conditions (i) and (iii) of Theorem 4.1 are jointly equivalent to

lim
n

sup
S

φn = lim
n

d−1
n log ∥fn∥E = 0.

Lemma 4.4. Let (dn)n be a sequence of positive integers, and let fn ∈ K[T ] be a non-zero polynomial
of degree dn. Assume that Conditions (i) and (iii) of Theorem 4.1 hold. Then, for any compact and
non-polar subset K ⊂ Ω, we have

lim
n

sup
K

(
1

dn
log |fn| −GE

)
= 0.
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Proof. Set φn = 1
dn

log |fn|−GE , and let S be a non-empty compact subset of Ω such that lim
n

sup
S

φn ⩾

0 (which we know that there exists by Condition (iii) of Theorem 4.1). Let m = lim
n

sup
K

φn. By Lemma

4.2, we have supK φn ⩽ supΩ φn = 1
dn

log ∥fn∥E , and therefore

lim
n

sup
K

φn ⩽ lim
n

d−1
n log ∥fn∥E ⩽ lim

n
d−1
n log ∥fn∥E ⩽ 0,

where the last inequality holds thanks to Condition (i) in Theorem 4.1. Then, m ⩽ 0, so to proof the
claim we only have to show that m ⩾ 0.

Now, let us suppose that K is disjoint from S, i.e., K ∩ S = ∅. Then, by the Dirichlet problem
(see Proposition 3.57), there exists a harmonic function u on Ω\K which, up to a set of capacity zero,
vanishes on ∂E, and equals m at ∂K, taking into account that ∂(Ω \ K) = ∂E ∪ ∂K. By Remark
4.3, limn d

−1
n log ∥fn∥E = 0, which means that for all ϵ > 0 there exists a n0 ∈ N such that for all

n > n0, d
−1
n log ∥fn∥E < ϵ. Moreover, by section (ii) of Proposition 3.52, GE = 0 on ∂E and hence

on ∂E we have φn = d−1
n log |fn| ⩽ d−1

n log sup∂E |fn| = d−1
n log ∥fn∥E . Therefore, φn ⩽ u + ϵ on

∂E, taking into account that u vanishes on ∂E and φn ⩽ d−1
n log ∥fn∥E , which is smaller than any

ϵ > 0 for sufficiently large n. Now, on ∂K, φn ⩽ sup∂K φn ⩽ supK φn, since ∂K ⊂ K because K is
compact. By definition of m = limn supK φn, there exists a subsequence nk such that supK φnk

→ m.
In particular, for any ε > 0 and k sufficiently large, supK φnk

⩽ m + ε, and therefore φnk
⩽ m + ε

on ∂K. Since u = m on ∂K, we have φnk
⩽ u + ε on ∂K for k sufficiently large. From Lemma 4.2

we know that φn is subharmonic in Ω, so in particular it is subharmonic in Ω \ K. Then, by the
Maximum Modulus Principle for subharmonic functions (see Proposition 3.54), for any ϵ > 0 we have
that φn ⩽ u + ϵ on Ω \ K, since ∂(Ω \ K) = ∂E ∪ ∂K. Then, bearing in mind that S ⊂ Ω and
S ∩ K = ∅, supS φn ⩽ supS u + ϵ, and thus limn supS φn ⩽ supS u + ϵ. Considering arbitrary small
positive ϵ, limn supS φn ⩽ supS u.

If m < 0, then by definition of u we would have u = m < 0 on ∂K, and u = 0 on ∂E. Therefore,
u ⩽ 0 on ∂K ∪ ∂E, but since u is subharmonic on Ω \ K, by the Maximum Modulus Principle
for subharmonic functions (see Proposition 3.54) we must have u ⩽ 0 on Ω \ K (recall, again, that
∂(Ω \ K) = ∂E ∪ ∂K). Furthermore, since u ⩽ 0 on Ω \ K and u = 0 on ∂E, if u attained the
value 0 at some interior point of Ω \K, it would achieve its global maximum in the interior. Again
by Proposition 3.54, u would be constant and equal to 0 on the corresponding connected component.
However, since Ω is connected, the closure of any connected component of Ω \ K meets K, where
u = m < 0, contradicting the continuity of u. Therefore u < 0 on Ω \K. But this is a contradiction
because it would mean that limn supS φn ⩽ supS u < 0, but by hypothesis limn supS φn ⩾ 0. Then, it
must be m ⩾ 0.

For the general case, consider K ′ ⊂ Ω a compact and non-polar subset, disjoint from S ∪K. Since
K ′ is disjoint from S, we can apply the previous argument to K ′, and since K ′ is disjoint from K, the
same holds for K (replacing S by K ′).

Lemma 4.5. Under the assumptions of Theorem 4.1, any limit measure ν of the sequence {ν(fn)}n
is a probability measure supported on ∂E.

Proof. Since K has a countable dense subset by hypothesis, by [BR10, Corollary 1.20], P1,an
K is metriz-

able, and since it is also compact, by [Par67, Theorem 6.4] the space of probability measures on P1,an
K

is compact and metrizable in the weak-∗ topology. In particular, any sequence of probability measures
has a subsequence converging weakly-∗ to a probability measure, so limit measures exist. Let ν be
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any such limit measure of {ν(fn)}n. Then ν is a probability measure, and it only remains to show
that it is supported on ∂E. By Condition (ii) from Theorem 4.1, we know that the support of ν is
disjoint from E̊, so we must see that the support is contained in E.

Let C ⊂ Ω be a compact subset, then limn ν(fn)(C) = 0. Indeed, for c ∈ C, let GE(·, c) be the
Green function of E with pole at c, and for any integer n, let (cn,j)j∈Jn be the family of zeros of fn
which belong to C, repeated according to their multiplicity. Set φ′

n = φn + d−1
n

∑
j∈Jn GE(·, cn,j),

which is bounded from above by d−1
n log ∥fn∥E . Consider now S ⊂ Ω a compact and non-polar subset,

disjoint from C. Then, we have that the function (q, c) 7→ GE(q, c) is continuous and positive in S×C,
and therefore it follows that infS infc∈C GE(·, c) > 0. Now,

sup
S

φ′
n ⩾ sup

S
φn + inf

S
d−1
n

∑
j∈Jn

GE(·, cn,j) ⩾ sup
S

φn + ν(fn)(C) inf
S

inf
c∈C

GE(·, c).

Then, by Condition (i) from Theorem 4.1 and the upper bound d−1
n log ∥fn∥E for φ′

n, it follows that

0 ⩾ lim
n

d−1
n log ∥fn∥E ⩾ lim

n
sup
S

φ′
n ⩾ lim

n
sup
S

φn + lim
n

ν(fn)(C) inf
S

inf
c∈C

GE(·, c).

Now, on one hand, by Remark 4.3 we have that limn supS φn = 0, and on the other hand, we have
infS infc∈C GE(·, c) > 0 implying that limn ν(fn)(C) ⩽ 0. Therefore, the claim that we wanted to see
limn ν(fn)(C) = 0 follows from 0 ⩽ limn ν(fn)(C) ⩽ limn ν(fn)(C) ⩽ 0. Finally, since Ω is locally
compact, we conclude that the support of ν is disjoint from Ω, so it is contained in E.

With all this, we are now ready to prove the main result.

Proof of Theorem 4.1. It suffices to prove that µE is the only possible limit value of the sequence
{ν(fn)}n. Let ν be such a limit value. By Lemma 4.5, we know that ν is a probability measure
supported in ∂E. In order to prove Theorem 4.1 we show that Uν ⩽ UµE , and the result ν = µE

follows from Proposition 3.59.

For any f ∈ K[T ] with k = deg(f) and pole at p = ∞, we have that ddc(log |f | + kUν(f)) =
−kδp +

∑
f(q)=0 ordq(f)δq + k(δp − ν(f)) = 0, and hence log |f | + kUν(f) is a harmonic function on

the compact space (P1
K)an, and therefore constant (see [BR10, Example 8.4]). Let a ∈ R be such that

log |a| = log |f |+kUν(f). Then, keeping in mind that Uν(f)−UµE = Uν(f)−µE
vanishes at p (total mass

equal to 0), that φ(p) = 1
k log

∥∥jk(f)∥∥cap, and that the Green’s function on E with pole at p = {∞}
is GE(z,∞) = V (E)− UµE (z,∞) = − log capE − UµE (z,∞),

φ =
1

k
log |f | −GE = −Uν(f) −GE +

1

k
log |a| = −Uν(f) + UµE +

1

k
log
∥∥∥jk(f)∥∥∥cap . (9)

Now, let V ⊂ Ω be a compact non-polar subset, and W ⊂ Ω a compact neighborhood of V . Assume
that p /∈ V but p ∈ W . The measure ν(f) = νW (f) + νW (f) splits as the sum of two measures
such that νW (f) = ν(f)1W and νW (f) = ν(f)(1 − 1W ). In Lemma 4.5 we have shown that if
C ⊂ Ω is a compact subset, then limn ν(fn)(C) = 0. Applying this taking C = W , we deduce that
limn ∥νW (fn)∥ = 0, so therefore ν is also a limit value of the sequence (νW (fn))n. Since δ(·, ·)∞ is
bounded in WC ×V (where WC denotes the complementary of W ), Uν is a limit value of the sequence(
UνW (fn)

)
n
for the topology of uniform convergence on V . Indeed, ∥UνW (fn) − Uν∥sup,V tend to 0

when n if and only if supz∈V |UνW (fn)(z)− Uν(z)| tend to 0 when n. Since∣∣∣∣∫ δ(z, w)∞ dνW (fn)(w)−
∫

δ(z, w)∞ dν(fn)(w)

∣∣∣∣ = ∣∣∣∣∫ δ(z, w)∞ (dνW (fn)− dν(fn))(w)

∣∣∣∣
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⩽
∫

|δ(z, w)∞| ∥dνW (fn)− dν(fn)∥ −→
n

0,

the claim follows. Here, for a measure α on P1,an
K , ∥α∥ denotes its total mass. Now, from (9), we have

that

φn =
1

dn
log |fn| −GE = −Uν(fn) −GE +

1

dn
log |a| = −Uν(fn) + UµE +

1

dn
log
∥∥∥jdn(fn)∥∥∥cap

=
(
−UνW (fn) + ∥νW (fn)∥UµE

)
+ ∥νW (fn)∥UµE +

(
1

dn
log ∥jdn(fn)∥cap − UνW (fn)

)
. (10)

The function −UνW (fn) is subharmonic in P1,an
K \ {∞} (see [BR10, Example 8.7]). Let R be any

compact neighborhood of p such that R ∩ V = ∅ and R ⊂ W . Since V ⊂ RC ⊂ P1,an
K \ {∞}, by the

Maximum Modulus Principle (Proposition 3.54) it follows that

sup
V

(−UνW (fn)) ⩽ sup
RC

(−UνW (fn)) = sup
∂R

(−UνW (fn)),

and therefore by (10)

sup
V

(
1

dn
log
∥∥∥jdn(fn)∥∥∥cap − UνW (fn)

)
⩽ sup

∂R
φn− inf

∂R

(
−UνW (fn) + ∥νW (fn)∥UµE

)
−∥νW (fn)∥ inf

∂R
UµE .

(11)
Now, the function −UνW (fn)+ ∥νW (fn)∥UµE is continuous on R and harmonic on R̊ (ddc UνW (fn)

∣∣
R̊
=

∥νW (fn)∥δp and ddc UµE

∣∣
R̊
= δp). For n going to infinity, it converges uniformly to −Uν +UµE , which

is again continuous on R, harmonic on R̊ (see Harnack’s Principle 3.56), and vanishes at p = ∞ (total
mass equal to 0). Therefore,

lim
n

inf
∂R

(
−UνW (fn) +

∥∥νW (fn)
∥∥UµE

)
= inf

∂R
(−Uν + UµE ) . (12)

By Lemma 4.2 φn ⩽ d−1
n log ∥fn∥E , and by Condition (i) from Theorem 4.1, limn d

−1
n log ∥fn∥E ⩽

0. Then, sup∂R φn ⩽ d−1
n log ∥fn∥E and limn sup∂R φn ⩽ limn d

−1
n log ∥fn∥E ⩽ 0. Moreover, since

limn ∥νW (fn)∥ = 0, then limn ∥νW (fn)∥ inf∂R UµE = 0. Therefore, taking the limit superior in (11),
and using that limn sup∂R φn ⩽ 0, limn ∥νW (fn)∥ inf∂R UµE = 0, and (12), it follows that

lim
n

sup
V

(
1

dn
log
∥∥∥jdn(fn)∥∥∥cap − UνW (fn)

)
⩽ sup

∂R
(Uν − UµE ) .

Choosing R arbitrarily close to {p} and taking into account that Uν −UµE is continuous and vanishes
at p, we get

lim
n

sup
V

(
1

dn
log
∥∥∥jdn(fn)∥∥∥cap − UνW (fn)

)
⩽ 0. (13)

Furthermore,

inf
V

UνW (fn) = inf
V

(
Uν(fn) − UνW (fn)

)
= inf

V

((
Uν(fn) − UµE

)
−
(
UνW (fn) − UµE

))
= inf

V

(
Uν(fn) − UµE

)
− sup

V
UνW (fn) + inf

V
UµE ⩽ inf

V

(
Uν(fn) − UµE

)
− inf

V
UνW (fn) + sup

V
UµE .
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From this last inequality, since UνW (fn) converges uniformly to Uν on V , we have

inf
V

Uν = lim
n

inf
V

UνW (fn) ⩽ lim
n

(
inf
V

(
Uν(fn) − UµE

)
− inf

V
UνW (fn) + sup

V
UµE

)

= lim
n

(
inf
V

(
Uν(fn) − UµE − 1

dn
log
∥∥∥jdn(fn)∥∥∥cap)+ sup

V

1

dn
log
∥∥∥jdn(fn)∥∥∥cap − inf

V
UνW (fn) + sup

V
UµE

)
⩽ lim

n
inf
V

(
Uν(fn) − UµE − 1

dn
log
∥∥∥jdn(fn)∥∥∥cap)+ sup

V
UµE , (14)

using that, by (13),

lim
n

(
sup
V

1

dn
log
∥∥∥jdn(fn)∥∥∥cap − inf

V
UνW (fn)

)
= lim

n
sup
V

(
1

dn
log
∥∥∥jdn(fn)∥∥∥cap − UνW (fn)

)
⩽ 0.

But note that from (9),

Uν(fn) − UµE − 1

dn
log
∥∥∥jdn(fn)∥∥∥cap = −φn = − 1

dn
log |fn|+GE ,

and then

lim
n

inf
V

(
Uν(fn) − UµE − 1

dn
log
∥∥∥jdn(fn)∥∥∥cap) ⩽ − lim

n
sup
V

(
1

dn
log |fn| −GE

)
= 0,

where the last equality holds from Lemma 4.4. This, together with (14), proves that

inf
V

Uν ⩽ lim
n

inf
V

(
Uν(fn) − UµE − 1

dn
log
∥∥∥jdn(fn)∥∥∥cap)+ sup

V
UµE = sup

V
UµE .

Taking z ∈ Ω\{∞} and V ⊂ Ω an arbitrarily small compact non-polar set such that z ∈ V and p /∈ V ,
it follows that Uν(z) = infV Uν ⩽ supV UµE = UµE (z), and the proof is completed.

4.2 Applications

In this section, we first show how the classical Jentzsch-Szegő result in the complex plane can be
recovered from Theorem 4.1. Moreover, we explain how this theorem yields a non-Archimedean
version of Jentzsch-Szegő.

4.2.1 Recovering Jentzsch-Szegő in the complex plane

The following result, presented as Theorem 1.7 in [AB02, Section 2], is a direct consequence of Theorem
4.1 in the Riemann sphere setting, that is, taking K = C.

Theorem 4.6. Let Λ ⊂ N\{0} be an infinite subset of positive integers and let {pn}n∈Λ be a sequence
of monic polynomials of respective degrees precisely n satisfying:

(i) lim
n

n∈Λ
∥pn∥

1
n
E ⩽ capE,
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(ii) for every compact set C ⊂ E̊, lim
n

n∈Λ
ν(pn)(C) = 0.

Then, {ν(pn)}n
w∗
−−→ µE as n → ∞, n ∈ Λ.

Proof. Define p̃n(z) = (capE)−npn(z), with n = deg(p̃n) = deg(pn). We want to see that the hy-
potheses of Theorem 4.1 are satisfied taking kn = n and the sequence (p̃n)n. On one hand,

lim
n

1

n
log ∥p̃n∥E = lim

n

1

n
log ∥(capE)−npn∥E = − log capE + lim

n→∞
log ∥pn∥

1
n
E ⩽ 0,

where the last inequality holds due to the fact that limn→∞ log ∥pn∥
1
n
E ⩽ log(capE) by the hypothesis

corresponding to Condition (i). Therefore, Condition (i) of Theorem 4.1 is satisfied.

Now, thanks to the hypothesis of Condition (ii), lim
n

n∈Λ
ν(pn)(C) = 0 for every compact set C ⊂ E̊.

Since pn and p̃n have the same degree and zeros, ν(pn) = ν(p̃n), and therefore lim
n

n∈Λ
ν(p̃n)(C) = 0 for

every compact set C ⊂ E̊, verifying Condition (ii) of Theorem 4.1.

Finally, let S = {∞}. Since pn(z) ≈ zn as z → ∞,

1

n
log |p̃n(z)| =

1

n
log

∣∣∣∣ pn(z)

(capE)n

∣∣∣∣ = 1

n
log |pn(z)| −

1

n
log(capE)n ≈ log |z| − log capE

as z → ∞. Moreover, the Green’s function can be expressed as GE(z) = log |z| − log capE + o(1)
around z = ∞. This means that

lim
n

sup
z∈S

(
1

n
log |p̃n(z)| −GE(z)

)
= 0.

Thus, Condition (iii) of Theorem 4.1 is also satisfied and, after applying this theorem, we have that

ν(p̃n)
w∗
−−→ µE as n → ∞, n ∈ Λ. Since ν(pn) = ν(p̃n), the same holds for {ν(pn)}n, as we wanted to

show.

We are now able to derive the classical Jentzsch-Szegő result. Let f(z) =
∑∞

j=0 ajz
j be a complex

power series having finite radius of convergence ρ, and denote by fn(z) =
∑n

j=0 ajz
j its truncation

to the n-th partial sum. Set E = D(0, ρ) = {z ∈ C : |z| ⩽ ρ}, and Cρ = ∂E = {z ∈ C : |z| = ρ}.
Then, limk |ak|

1
k = 1

ρ , and there exists a strictly increasing sequence of indices {nk}∞k=1 such that

limk→∞ |ank
|

1
nk = 1

ρ . Moreover, the partial sums fn converge locally uniformly to f(z) in E̊. Hence,
if we fix ϵ > 0 and 0 < r < ρ, there exists N ∈ N \ {0} such that for any n ⩾ N ,

∥fn∥Cr ⩽ ∥f∥Cr + ϵ. (15)

Now, by the Bernstein-Walsh lemma (Lemma 3.61) taking the sets Er = {z ∈ C : |z| ⩽ r} and
Ωr = {z ∈ C : |z| > r}, we know that for any z ∈ Ωr \ {∞},

|fn(z)| ⩽ ∥fn∥Er exp (nGEr(z)),

where GEr denotes the Green function on Er, that is, GEr = log |z|
r . Therefore, since Cρ ⊂ Ωr \ {∞},

for any z ∈ Cρ,

|fn(z)| ⩽ ∥fn∥Er exp
(
n log

ρ

r

)
= ∥fn∥Er

(ρ
r

)n
.
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In particular,

max
z∈Cρ

|fn(z)| = ∥fn∥Cρ ⩽ ∥fn∥Er

(ρ
r

)n
= ∥fn∥Cr

(ρ
r

)n
, (16)

where the last equality holds thanks to the Maximum Principle (Theorem 3.60).

Thus, defining pn(z) = a−1
n fn(z), n = n1, n2, . . ., and using (16), it follows that

lim
k

∥pnk
∥

1
nk
E = lim

k
∥pnk

∥
1
nk
Cρ

= lim
k

∥a−1
nk

fnk
∥

1
nk
Cρ

⩽
(ρ
r

)
lim
k

|ank
|−

1
nk ∥fnk

∥
1
nk
Cr

⩽
(ρ
r

)
lim
k

|ank
|−

1
nk lim

k
∥fnk

∥
1
nk
Cr

.

Since limk |ank
|−

1
nk = ρ, and limk ∥fnk

∥
1
nk
Cr

⩽ limk (∥f∥Cr + ϵ)
1
nk = 1 by (15), it turns out that

lim
k

∥pnk
∥

1
nk
E ⩽

ρ2

r
. Choosing r → ρ, then lim

k
∥pnk

∥
1
nk
E ⩽ ρ.

Now, keeping in mind that ρ = capE (see Example 3.28), we have

lim
k

∥pnk
∥

1
nk
E ⩽ capE,

and thus Condition (i) of Theorem 4.6 is satisfied for the family {pnk
}∞k=1.

As the partial sums fn converge locally uniformly to f(z) in E̊, by Hurwitz’s Theorem (see 3.58)
we know that for any compact set K ⊂ E̊, the zeros of fn in K become closer to the zeros of f in K
as n → ∞. Since f is analytic in D(0, ρ), its zeros are isolated, which means that for any compact
set K ⊂ E̊, f will have a finite number of zeros in K (let us denote this number by ZK). Therefore,
limn ν(fn)(K) = limn

ZK
n = 0, and taking into account that ν(fn) = ν(pn) since fn and pn have the

same degree and zeros, Condition (ii) of Theorem 4.6 is also satisfied for {pnk
}∞k=1.

With this, we can apply Theorem 4.6 to the family {pnk
}∞k=1, which yields {ν(pnk

)}k
w∗
−−→ µE as

k → ∞. This means that the zeros of {pnk
}∞k=1 equidistribute around the circle of radius ρ, and

therefore the zeros of {fnk
}∞k=1 do so, proving the classical result of Jentzsch-Szegő.

4.2.2 A non-Archimedean Jentzsch-Szegő

Next, we can see a particular case of Theorem 4.1 in the ultrametric setting, which yields a non-
Archimedean analogue of the Jentzsch-Szegő theorem. Let E(0, R) denote the disk of center 0 and
radius R in A1,an

K , whose equilibrium measure is the Dirac measure at ζ0,R (see Proposition 3.16).

Proposition 4.7. Let us consider a sequence of polynomials {fn}n in K[T ] satisfying the following
properties:

(i) the degree dn of fn tends to +∞.

(ii) the sequence {fn}n converges uniformly on the disk E(0, R) to a non zero function.

(iii) the sequence {an}n given by the leading coefficient an of fn satisfies limn |an|1/dn → 1/R.

Then, the sequence {ν(fn)}n of probability measures converges to the Dirac measure at the point ζ0,R.

38



Proof. Let f ∈ K[T ] be the limit of the sequence {fn}n. Since (fn)n converges uniformly to f
on the disk E(0, R) by hypothesis (ii), the sequence (∥fn∥E(0,R))n converges to ∥f∥E(0,R), which is
constant. As the degree dn of fn tends to +∞ by hypothesis (i), we obtain limn d

−1
n log ∥fn∥E(0,R) = 0,

so Condition (i) of Theorem 4.1 is satisfied. Since the limit f ̸= 0 and E(0, R) is compact and
connected, f has only finitely many zeros on E(0, R), counted with multiplicities. Moreover, by the
non-Archimedean analogue of the classical Hurwitz’s theorem in complex analysis (see Proposition
3.58), Condition (ii) of Theorem 4.1 also holds. Finally, taking S = {∞} and using Proposition
3.52(iv), Condition (iii) of Theorem 4.1 is satisfied. Therefore, we can apply Theorem 4.1 and conclude
that the sequence of measures {ν(fn)}n converges weakly-w∗ to the Dirac measure at ζ0,R.

4.3 Comparison with Erdős-Turán

In this section, we compare the equidistribution theorem of Erdős-Turán (see Section 2) with the
equidistribution result of Chambert-Loir given in Theorem 4.1. We do so by considering Chambert-
Loir’s theorem in the same setting, namely on the Riemann sphere, taking p as the point at infinity
and E as the unit disk in the complex plane. We are interested in understanding which result is
stronger, i.e., whether one implies the other, or more generally how they are related and how they
behave with respect to each other.

On the one hand, we show that the classical Erdős-Turán theorem does not imply Theorem 4.1.
To this end, we present a sequence of polynomials that equidistributes in the sense of Theorem
4.1, while the Erdős-Turán theorem does not detect this equidistribution. Consider the family of
polynomials {fp(z)}p, where p runs over the prime numbers, defined by fp(z) = (z+ e−p)Φp(z), where

Φp(z) =
∑p−1

k=0 z
k is the cyclotomic polynomial. Clearly, deg(fp) = p. However, the family {fp}p does

not satisfy the assumptions of the Erdős-Turán theorem. Indeed,

h(fp)

p
=

1

p

∫
S1
log+

(
|fp(t)|√

|a0|

)
dµS1(t) ⩾

1

p

∫
S1
log
(
e

p
2 |t+ e−p∥Φp(t)|

)
dµS1(t)

=
1

p

(
log
∣∣∣e p

2

∣∣∣+ log+
∣∣−e−p

∣∣+ p−1∑
k=1

log+
∣∣∣e 2πik

p

∣∣∣) =
1

2
,

where we have used Jensen’s formula. Hence, limp
h(fp)
p ̸= 0, so the Erdős-Turán theorem cannot be

applied. However, the sequence {fp}p satisfies the assumptions of Theorem 4.1. First, we note that

lim
p

1

p
logmax

z∈S1
|fp(z)| = lim

p

1

p
log(1 + e−p)Φp(1) = lim

p

log p

p
+ lim

p

log(1 + e−p)

p
= 0,

since both functions attain their maximum on S1 at z = 1. Therefore, by Remark 4.3, Conditions (i)
and (iii) of Theorem 4.1 are satisfied. It remains to verify Condition (ii) of Theorem 4.1. Indeed, fp
has one zero in a neighborhood of the origin, while its remaining zeros are equidistributed on the unit
circle. Consequently, Condition (ii) follows.

Now, we show that Theorem 4.1 implies the Erdős-Turán theorem. That is, starting from the
hypotheses of the Erdős-Turán theorem, we verify the assumptions of Theorem 4.1 and hence apply
it, without relying on the Erdős-Turán theorem itself. We will in fact work under a slightly stronger
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assumption, namely logH(fn)/dn → 0 as n → ∞ for a sequence of monic polynomials {fn}n with
dn = deg(fn). Recall that under this assumption, h(fn)/dn → 0 as n → ∞ (see (2)). By the first
part of [Sou19], namely the radial part, we know that M(fn) → 0 as n → ∞, using the notation from
Section 2. Now, denoting by a0,n the constant term of fn, and by {αn,i}dni=1 the roots of fn, we have∣∣∣∣ log |a0,n|dn

∣∣∣∣ =
∣∣∣∣∣ 1dn

dn∑
i=1

log |αi,n|

∣∣∣∣∣ ⩽ 1

dn

dn∑
i=1

|log |αi,n|| =
1

dn

dn∑
i=1

logmax

(
|αi,n|,

1

|αi,n|

)
= M(fn) −→

n
0.

Since by hypothesis logH(fn)/dn → 0 as n → ∞, it follows from the definition of H(fn) that

lim
n

1

dn
logmax

z∈S1
|fn(z)| −

1

2dn
log |a0,n| = 0.

Moreover, since we have already shown that limn log |a0,n|/dn = 0, we deduce that

lim
n

1

dn
logmax

z∈S1
|fn(z)| = 0,

which corresponds exactly to Conditions (i) and (iii) of Theorem 4.1, by Remark 4.3. It remains to
verify that Condition (ii) of Theorem 4.1 is also satisfied. Let C ⊂ E̊ be a compact subset, and choose
0 < r < 1 such that C ⊂ D(0, r). We then have ν(fn)(C) ⩽ ν(fn)(D(0, r)). Let J = (r,∞). Using
the notation from Section 2, we obtain

0 ⩽ ν(fn)(C) ⩽ ν(fn)(D(0, r)) ⩽

∣∣∣∣1− NR(fn, J)

dn

∣∣∣∣ ⩽ DR(fn).

Since limnM(fn) = 0, Proposition 2.4 implies that limnDR(fn) = 0, and therefore Condition (ii)
of Theorem 4.1 is satisfied. It remains to verify whether the statement holds under the assumption
limn

h(fn)
dn

= 0.
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