Master of Science In
Advanced Mathematics and
Mathematical Engineering

Title: Archimedean and non-Archimedean equidistribution of zeros of
polynomials

Author: Joel Hurtado Moreno

Advisor: Roberto Gualdi
Coadyvisor: Martin Sombra

Academic year: ~0 252020

)
2,
LLI
L
—
LLI
LLI
14
Y,
LLI
Q
4
14
LLI
—
N
<
—




Universitat Politecnica de Catalunya

Facultat de Matematiques 1 Estadistica

Master in Advanced Mathematics and Mathematical Engineering

Master’s thesis

Archimedean and non-Archimedean
equidistribution of zeros of polynomials

Joel Hurtado Moreno

Supervised by Roberto Gualdi
Cosupervised by Martin Sombra
May, 2026






Acknowledgements

First, I would like to thank you, Roberto. You have always been willing to listen to me, discuss ideas,
and think together (I could make a whole album with the photos I have taken of the blackboard).
Thank you for your time, I have learned a lot from you. I also want to thank you, Martin, especially
for these last sessions together. I would also like to thank my friends, without them I would not have
come this far. Of course, my family, especially my brothers and you, Mum and Dad. You have always
supported me and encouraged me to choose the path I want to follow. And finally, Aless. You make
all of this so much easier, thank you for choosing to be by my side.






Abstract

This work studies equidistribution results of zeros of polynomials in both the Archimedean and non-
Archimedean settings. We begin by introducing the notion of equidistribution and reviewing classical
results such as the theorems of Jentzsch-Szegé [Jenl8|[Sze22] and Erdés-Turdn [ET50], including
Soundararajan’s proof to the latter [Soul9]. We then develop the necessary background in potential
theory, both on the Riemann sphere and the Berkovich projective line. Concepts such as logarithmic
energy and potentials, equilibrium measure, harmonic and subharmonic functions, and Green’s func-
tion are studied in both settings. Finally, following the work of Chambert-Loir [CHA15], we present
a non-Archimedean equidistribution result that also holds in the complex setting. We then compare
this result with the classical Erdés-Turan theorem.
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1. Introduction

The study of the distribution of zeros of polynomials dates back many years, with seminal contributions
by Jentzsch, Szegd, Erdds and Turdn. Jentzsch [Jenl8] proved that, if S(2) = > 22, ajz’ is a complex
power series having finite radius of convergence R, then each point on the circle centered at the origin
with radius R is a limit point of zeros of polynomials S,(z), n = 1,2,..., where S, denotes the
truncation to the n-th partial sum of S. Szegd [Sze22] improved this result by showing that there is a
subsequence {nj}7°, with n; € N\ {0} for which the zeros of the partial sums Sy, (2) are uniformly
distributed in angle in a fixed annulus R — € < |2] < R + ¢, with € > 0 arbitrarily small.

Erdds and Turdn [ET50] presented a theorem which states that, if a monic polynomial has small
size on the unit circle and its constant coefficient is not too small, then its zeros become evenly dis-
tributed in angle. Two types of results can be derived from this theorem. On the one hand, a question
that attracted considerable attention at the time was how to estimate the number of real zeros of a
complex polynomial in terms of its coefficients and degree. The Erd&s-Turdan theorem yields one of the
central results in this direction, although this topic will not be the main focus of the present work. On
the other hand, the theorem of Jentzsch-Szeg6 can also be deduced from the Erdés-Turan theorem. In
fact, with a slight refinement of the argument, the Erdos-Turan theorem can be strengthened to show
that, under the same assumptions, all zeros cluster near the unit circle. Consequently, one obtains a
criterion ensuring that the zeros of a sequence of polynomials equidistribute around the unit circle.

In the first part of the present work, we introduce the concept of equidistribution of sets in order
to understand what it means for the zeros of a sequence of polynomials to equidistribute. Then,
using the Portmanteau theorem [Bil99, Theorem 2.1], we present an example that helps illustrate
and visualize this concept. More precisely, we prove that the zeros of a sequence of complex poly-
nomials equidistribute with respect to the Haar measure ugi if and only if two associated quantities,
namely the angular and radial discrepancies, tend to 0 along the sequence. From this point, we be-
gin reviewing the work developed by Soundararajan in [Soul9], where a self-contained proof of the
Erdés-Turdn theorem based on Fourier analysis is presented. To conclude the first chapter, we show
how the Jentzsch-Szeg6 theorem can be recovered from the Erdds-Turan theorem by using the nota-
tion and techniques introduced by Soundararajan. This chapter provides intuition for the concept of
equidistribution and prepares the ground for the final chapter, where we study a non-Archimedean
equidistribution result, that is, an equidistribution result concerning zeros of polynomials with coeffi-
cients in a field K endowed with a non-Archimedean absolute value.

The second chapter is devoted to an introduction to potential theory, which will be necessary
for the final part of this work. Since there is a close connection between Archimedean and non-
Archimedean potential theory, namely between the complex and the non-Archimedean settings, we
present the main concepts and results in both frameworks simultaneously in order to highlight the
analogies between them. Our main goal is to understand the Berkovich projective line P}%an, a space
introduced to provide a more suitable topology than the one naturally arising from fields endowed
with a non-Archimedean absolute value. We therefore begin by introducing this space, and all the
non-Archimedean potential theory developed in this chapter is formulated in that setting. In the
non-Archimedean context, the Berkovich projective line plays a role analogous to that of the Riemann
sphere C in complex analysis. Once the Berkovich projective line has been introduced, we proceed
with the main notions of potential theory, including logarithmic energy and potentials, equilibrium



measure, harmonic and subharmonic functions, and Green’s function. We conclude the chapter by
presenting several fundamental results in potential theory that will be needed in the sequel.

The final chapter of this work is mainly devoted to understanding the results presented in [CHA15].
Motivated by the work of Andrievskii and Blatt [AB02, Section 2], where complex potential theory is
used to establish an equidistribution result on the Riemann sphere generalizing the classical Jentzsch-
Szegd theorem, Chambert-Loir develops an equidistribution result on compact Riemann surfaces and
analytic curves over ultrametric fields. This result generalizes not only the classical Jentzsch-Szego
theorem in the complex plane, but also the equidistribution theorem obtained by Andrievskii and
Blatt. We begin by reviewing [CHA15, Theorem 2.1], which constitutes the main result of Chambert-
Loir’s work in the non-Archimedean setting. We do so in the framework of the Berkovich projective
line, making use of all the necessary background and previous results. We then show how the classical
Jentzsch-Szegd theorem can be recovered from this result, and we present an application yielding a
non-Archimedean analogue of the Jentzsch-Szeg6 theorem. We conclude both the chapter and the
present work by comparing the Erdés-Turan theorem with the equidistribution result established by
Chambert-Loir in the setting of the Riemann sphere with pole at p = oo and the unit disk as the main
domain of study. In particular, we are interested in determining whether one implies the other and
the relationship between them.



2. A first approach to equidistribution

The purpose of this section is to introduce the notion of equidistribution. We present the definition
and discuss several results concerning the equidistribution of zeros of complex polynomials, with the
aim of building intuition for the non-Archimedean setting developed in subsequent sections.

2.1 Definition and example

We begin with the definition of equidistribution.

Definition 2.1. Let X be a topological space and let 1 be a Borel probability measure on X. Denote
by J, the Dirac measure at a point z € X. A sequence of non-empty sets {S,}7°; C X is said to be
equidistributed with respect to p if the discrete measures v, = ﬁ Y ozc s, 0z converge weakly-x to p,
that is, if for all continuous and bounded function f € Cp(X) we have

1
/dez/n—#snx;nf(w)j/xfdu-

We now present a proposition regarding the equidistribution of zeros of polynomials around the
unit circle. To do so, we first need the following definition.

Definition 2.2. Let X = C be equipped with the usual topology induced by the standard metric,
and let P(z) € C[z] be a polynomial of degree N with complex coefficients. Given an arc I on the
unit circle, denote by N4 (P, ) the number of zeros of P lying in the sector determined by I, and by
|I| the length of the arc. Given an open interval J C Rsg such that 1 € J, denote by Nr(P,J) the
number of zeros of P with modulus in J. We define the angular discrepancy and the radial discrepancy,
respectively, as

_H

Na(P,T
DA(P):SI}I)‘AEV ) o

, DR(P)zsup’W—l‘.
J N

Let g1 denote the Haar measure on S'. For a sequence of polynomials {P,},, let v(P,) be the

zero-counting measure of P,, that is v(P,) = - S % da,;» where d,, = deg(P,) and {a:}¢, are the

n

zeros of P,, repeated according to the multiplicity.

The following result is a consequence of the Portmanteau theorem, which gives several equivalent
characterizations of weak convergence of measures.

Proposition 2.3. With the notation introduced above, the following are equivalent:

(ii) the sequence of zeros of the polynomials { P, }, equidistributes with respect to the Haar measure
on St.

Proof. (i) = (ii): Given an arc I on the unit circle such that |I| < 7, and an interval J C Rsg, we
define the set A; ; = {re?? |0 € I,r € J}. The sets A; ; form a 7-system of R?\ {0} in the sense of
[Bil99, Section 2]. Indeed, given two such sets Ay y and Ap j, we have

ArgNAp = Armr, s



where INI’ is either an arc on the unit circle or the empty set, and similarly JN.J' is either an open inter-
val in R< or the empty set. Hence the class is closed under finite intersections, and therefore it is a 7-

system. Therefore, by [Bil99, Theorem 2.3], it suffices to check that lim,, [ 14, , dv(P,) = [ 14, , dus:
for all A7 y. Let J = (o, ). If 1 <aor § <1, then [1y4, ; dus: = 0. Since f]lA”dZ/( ) < Dr(Py),
and lim,, Dr(P,) = 0 by hypothesis, we conclude that in this case lim,, f La,, dv(P, f La,, dpgt .

Now, if a < 1 < 3, then [14, ; dug = % Moreover,

‘/HAI,Jdv( ’/]IA”du ~ Na(Pn ‘ ‘NA P I) ||

dn, 2T
The second term is bounded above by D4(P,), which tends to 0 by hypothesis. On the other hand,
Na(Pn,I)
dn,

the difference — [14 Ay dv(P,) corresponds exactly to the proportion of zeros of P, whose
argument lies in I but whose modulus does not belong to J. Therefore,

P, J
/]lA”du _ Na(Po 1 < NalPu, J) _ < Dr(Pn),
d, dp,
which also tends to 0 by hypothesis. Hence, lim,, [ 1 Ary dv(P, =[1 Ay Qust. Slnce this holds for

every set Ay j in the m-system, by [Bil99, Theorem 2.3] we conclude that {v(Py)}n v Ugt .

(ii) = (i): From the Portmanteau Theorem [Bil99, Theorem 2.1}, if {v(P,,)}, converges weakly-x
to pgi, then for all pgi-continuity set A (that is, ugi(9A) = 0) we have that lim, [14dv(P,) =
J1adpg. If we first take A to be the sector defined by some arc I on the unit circle, then JA are
two lines emanating from the origin and ugi (0A) = g1 (0AN'S') = 0, because the intersection are

the two endpoints of the arc I. In this case, [14dv(P,) = NA(P"’ ) and J1adus = |27T‘, and by the
Portmanteau Theorem [Bil99, Theorem 2.1}, lim,, Nﬂdii’“l) — % = 0. Since this works for any arc I

on the unit circle, it follows that lim,, D4 (P,) = 0.

Now, if we take A to be the set of complex numbers such that its modulus is not within an open
interval J C R~ containing 1, then 0 A are the circles defined by the sides of the interval, and therefore
psi (0A) = 0. In this case, [Ladv(P,) =1— %ﬁ and [14dpug = 0, and by the Portmanteau
Theorem [Bil99, Theorem 2.1], lim,, Nng 1’ = 0. Since this works for any arc J satisfying these
conditions, then lim, Dr(P,) = 0. O

Proposition 2.3 shows that the zeros of a sequence of complex polynomials equidistribute on the
unit circle if and only if the quantities D4(P,) and Dr(P,) tend to 0 as n — co. Now, if we denote
by a; = p;ei, j=1,..., N the roots of P € C[z], another quantity that will be useful is

R 1
M(P) = N]ogHmaX (pj, P'> .
=1 /

It measures the radial distribution of the zeros. The asymptotic vanishing condition implies the
vanishing of Dp, as shown below.

Proposition 2.4. If lim, M(P,) =0, then lim, Dr(F,) = 0.



Proof. Denote by {am}dﬁl the roots of P,, where d,, = deg( ). Let J = (j1,72) C R be an open
interval containing 1, that is, j; < 1 < jo. Set M = min(j; 1 42) > 1. We have

1 & 1
M(Pn):leogmaX( "’a-)
" i=1

|,

1 1 1
> 1 |, —— 1 | —
7 g 0g max <|am| ’ami’) + E 0g max <|am| -~ >

. , . . |t i
o, 4| <g1 |0 5| =72 ’

1 logM
= dT@ Z log ’ + Z log |an z| P (#{Z |an z| ]1} + #{Z |an z| ]2})

izla’n,ilgjl |04n 1‘>]2

1 M
Og —1| > 0.

(#{i : |anal & T}) = logM‘AfR(PM

Since lim, M(P,) = 0 by hypothesis, and since this argument applies for any interval J satisfying the
above conditions, it follows that lim,, Dg(P,) = 0. O

2.2 On the classical Erdos-Turan theorem

In this context, there is a well known result due to Erdds and Turdn [ET50] which states that, if a
monic polynomial has small size on the unit circle and its constant coefficient is not too small, then its
zeros become evenly distributed in angle. In [Soul9], Soundararajan gives a self-contained proof of this
result and shows that, under the same assumptions, the zeros of the polynomial are close to the unit
circle. In this section, we review and study the work presented in [Soul9], discussing some aspects of it.

Let P(z) = 2V +ay_12V"' 4+ ... + a1z + ap € C[2] be a monic polynomial of degre N with
complex coefficients, and roots a; = pje e j=1,...,N. The intuition behind the hypotheses of the
Erdés-Turan result can be motivated through s1mple examples Consider first the polynomial 2V éN,
whose zeros are not near |z| = 1. In this case, the constant term gets smaller as N grows. On the
other hand, the zeros of the polynomial (z — 1) fail to exhibit an evenly angular distribution, and

the polynomial attains a maximal size of 2V on the unit circle.

We are interested in capturing information about the size of the polynomial on the unit circle and
the size of the constant coefficient, in order to relate them to the distribution of the zeros, which will
be discussed later. To do so, a first quantity we may consider (with the convention that ag # 0) is

P
H(P) — max P
‘Z| 1 \ |a0\
This quantity can be lower and upper bounded, by combining the triangle inequality, Parseval’s
identity, and the Cauchy-Schwarz inequality, as

1/2
N /

ST |IIPH27 where [[Plla= | > la;*| . (1)
7=0

1

—||P|3 < H(P)* <
|ao|



Therefore, assuming that H(P) is small is equivalent to assuming that the coefficients of P are small
and that the constant coefficient ag is not too small. Actually, we can consider the slightly more
precise quantity

1 2 P 10
h(P) / log™ |P(eD)] df, where log™ x = max (0,logx).
0

EL a0l

Taking into account the AG-mean, that ay = 1, and the lower bound in (1), then

1 1 1
2 < lag| + — = —(lao|* + lan|*) < —||P||3 < H(P)?,
|ao| ol |a0|(\ 1+ lan|?) |a0||| 1B (P)

and it follows that

P P
h(P) < maxlog™ PG = logt max PG =log" H(P) = log H(P). (2)
=17 Vaol l21=1 \/]ao]
Therefore, the assumption that h(P) is small is weaker than the assumption that H(P) is small. Now,
the two main theorems that together constitute the result presented in [Soul9] are the following:

Theorem 2.5. For any monic polynomial P(z) € C[z] of degree N,

]
h(P)
M(P) < 2=

Theorem 2.6. For any monic polynomial P(z) € C[z] of degree N,

These inequalities show how the size of the polynomial on the unit circle and the size of the constant
coefficient (measured by h(P)) control the distribution of its zeros. What is also worth noting, is that
these results are not merely qualitative, they provide quantitative estimates. In combination, the two
theorems indicate that the smaller the value h(P)/N, the closer the zeros are to the unit circle and the
more uniform their angular distribution. Hence, for any sequence of monic polynomials { P, }, with
deg(P,) = d,, as n — oo such that lim,, h(P,)/d, = 0, then lim, M(P,) = 0 and lim, D4(FP,) = 0,
and therefore the zeros equidistribute around the unit circle (see Proposition 2.3 and Proposition 2.4).

Remark 2.7. While the equidistribution result in [Soul9] is stated for monic polynomials, it extends
naturally to the non-monic case. Since a polynomial and its monic normalization share the same set
of zeros, we can simply apply this result to the associated monic sequence. The quantity h(P) is
specifically defined for monic polynomials, otherwise, a normalizing factor of /|ax| would be required
in the denominator. Here, ay denotes the leading coefficient of P.

2.2.1 Radial distribution

As mentioned before, Theorem 2.5 provides a relation between h(P) and the distribution of the
roots of P near the unit circle. In [Soul9], this result is obtained by applying Jensen’s formula to

f(z) = \];%, and then rewriting the resulting identity in an equivalent form. Adding these two
ao

equivalent expressions yields the desired result. A more direct approach is shown below.




Proof of Theorem 2.5. Consider the function f(z) = % Given that f(0) = a 0‘, it follows
that log |f(0)| = 0. By Jensen’s formula,

1 21 P 0 i@NP —i6 1 21 P 60 1
— log [P(e%)e (™) do = — 2/ log |P(e7)] do | = Zlog—
2 Jo lao| 27 0 YV |ao| j

where the z; denote the zeros of f lying inside the unit disk Now, the zeros of f consist of the zeros
{a1,...,an} of P(z) together with the zeros {a%, e W of zNP( ~1). Therefore, recalling that
p;j = |ol, the last term in (3) can be rewritten as

N
Zlog Z log —|— Z log p; = Zlogmax (pj, pl> = log H max <pj, pl> ,
J J

pi<l pi>1 j=1

and the desired result follows from

1 2T ‘P(eiﬂ)‘ < 1
2h(P 22/ log ——=df =log | | max | p;, — | .
252 [ty g T (5, L

7j=1

2.2.2 Angular distribution

The goal now is to focus on the proof of Theorem 2.6 given in [Soul9]. Before, a few auxiliary lemmas
and a proposition are required. These are stated and reviewed here to highlight key aspects and make
their proof easier to follow. The full proofs of these are omitted here but can be found in [Soul9].
First of all, it turns out that we can restrict the attention to polynomials with all zeros on the unit
circle due to [Soul9, Lemma 1], which states the following.

Lemma 2.8. Let P(z) = H;V 1(z — o) with o = p] iej, and define the polynomial Q by Q(z) =

H;V:1(Z — i), Then for any z with |z| = 1, we have | \/7 > |Q(2)|, so that h(P) = h(Q).

Sketch of the proof. The first inequality follows easily from [Soul9]. Now, the constant term of Q(z)

satisfies |ag| = H] L €| = 1. Proving that ‘\l;i)' |Q(2)| for any z with |z| = 1, we deduce that

R 1 [ |P(e)]
h(Q)—Qﬂ/O log* [Q(e )|d0<27r/0 o a0 = (p)

O

Remark 2.9. Note that Ds(P) = D(Q), as the discrepancy only depends on the argument and not
the modulus of the zeros. Therefore, if we prove Theorem 2.6 for @, that is, ND4(Q) < % Nh(Q),
then

8 8
NDA(P) = NDA(Q) < ;\/Nh(Q) < ;\/Nh(P
and the Theorem 2.6 for P follows.

We continue by invoking [Soul9, Lemma 2].



Lemma 2.10. Let P(z) = [TV

i=1(z— %), For any integer k # 0 we have

ey M .

Zemeﬂ'——/ e log | P(e?)| db. (4)
- ™ Jo

J=1

Consequently, for any integer k #£ 0, < 4lk|h(P).

Zj\le e’ik@j
Sketch of the proof. The idea behind the proof of (4) starts by showing that

k 2T k 27 . .
1= —H/ cos(kx) log (sin (E)) dr = —H/ " log [e™ — 1| dx.
™ Jo 2 ™ Jo

Then, for any ¢ € R and k € Z \ {0}, we apply the change of variable § = x + ¢ and multiply both
sides by €**? to obtain

4 Ll 2. 4 .
ko — —||/ e log |e‘9 — el¢| do.
™ Jo

Summing this expression over all ¢ = 6; yields (4). Finally, we obtain the upper bound by taking the
absolute value on both sides of (4) and observing that, by the identity |logz| = 2log’ 2 — logz and

Jensen’s formula,
1 2
2 ),

Let I be an arc on the unit circle, and let Z denote the indicator function for the arc I (which is
2m-periodic), that is, Z(#) = 1 if ¢ € I and 0 otherwise. To establish a bound for the discrepancy, we
have to work with the function Ny (P,I) = Z;VZI Z(6;), which gives the number of zeros lying on the
arc I. Since 7 is periodic, we can be tempted to use its Fourier expansion, but Z is not continuous.
Instead, we can replace Z with a 27-periodic function g with better behaved Fourier series, and then
choose g to be a suitable approximation to the indicator function.

log |P(ei9)\‘ d6 = 2h(P).

O

The following is [Soul9, Proposition 1].

Proposition 2.11. Let P(z) = Hévzl(z —€"%). Let g(0) be a 2m-periodic continuous function such
that > p2 _  |kg(k)| < oo, where

T o

1 2 )
3(k) / g(6)e=™ dp
0

denotes the Fourier coefficients of g. Put G(0) = > 7 |k|g(k)e™*® and G = maxq |G(0)|. Then

N n
> g(0;) — = i g(0) d| < AGh(P).

Sketch of the proof. The strategy for proving this proposition is straightforward. First, we employ the
Fourier expansion of g to show that

N 2
N
OEE|
J=1

N 2
~ ik0; 1 i AV
g(0)do =Y G(k)) ™ = —F/O log |P(e)] Y [Klg(k)e™ db,

k0 j=1 k#0



where the last equality holds thanks to Lemma 2.10. Now, the absolute value of this last term can be
upper bounded by 4Gh(P), using the definition of G' and again the identity |logz| = 2log* z — log =
and the Jensen’s formula. O

At this point, the plan is to make more precise the bound from Lemma 2.11 for a certain type of
functions g, obtained by convolving the indicator function Z with suitable nice functions K. Later, we
will make a specific choice for K so that the resulting function approximates the indicator function
well. By [Soul9, Lemma 3], we have the following.

Lemma 2.12. Let I be an arc on the unit circle, and let Z(0) denote its indicator function. Let K
be a 2m-periodic continuous function that is always nonnegative, and whose Fourier coefficients KC(n)
are all nonnegative, with ), K(n) < co. Let g be the convolution of T and KC. Thus,

1

L /D " Z()K(6 — o) da

g(0) = 5

Then, g satisfies the hypothesis of Proposition 2.11, and in the notation used there,

o0

Y Iklgk)e™

k=—00

2
T2

G = max < —=<K(0).
0 T

Sketch of the proof. Let I be the arc defined by {e®|t € [, 3]}. First, since the Fourier coefficients of
the convolution of two functions are the products of their Fourier coefficients, and using the Fourier
expansion of K, we obtain

[e.e]

Z]kg Z/C K(0) < oo.

k=—o0 k:——oo

Hence, K satisfies the hypothesis of Proposition 2.11. Moreover,

> IR < 3 ki) < S

k=—oc0 k=—o00

G = max|G(0)| = max
0 0

While this result provides an initial bound for G, we can further refine this estimate as follows.

The fact that K and the Fourier coefficients IE(n) are all real valued by hypothesis implies that

~ 1 1 [27 ~
_ () p—inx _ inT _ .
Rin) = K(n) = - / e dr = o [ K(a)e™ de = K(-n).
Now, using that sgn(—k) = —sgn(k) and K(n) = K(—n), it follows that
1 PO
G(O) = gn(k)K(k) (™0 — *O=0) Z sgn(k)K (k) (sin(k(0 — @) — sin(k(6 — B))).
T k=—o0 k>0
k40
Therefore, writing ¢ = _a, and using that [sgn(k)| = 1, UE( k)| = K(k) (since K is nonnegative by
hypothesis), together with the identity sinx — siny = 2 cos (Iﬂ/) n (%), we obtain
|G(0) Qmax— Z/c | sin(k)|. (5)
l<:>0



Finally, using the Fourier expansion |sinz| = 2 — 23779, CZZfe‘f , we deduce that the right-hand side

of (5) is bounded above by f K(0), which completes the proof. O
We are now ready to prove Theorem 2.6.

Proof of Theorem 2.6. Let I be an arc on the unit circle. In order to prove Theorem 2.6, it suffices to

show that

NA(P,T) ~ |1 < S/NR(P).

Applying this inequality to I¢ (the arc complementary to I) and using the fact that
N N
P I P I =N=—|I°|+ —|I
Na(P, 1) + Na(P,I°) o L1+ 5,

we obtain

N N 8
N4(P,I) — g'” =— <NA(P,IC) — 27T\IC|> > — Nh(P),

and Theorem 2.6 follows.

Let g be a 2m-periodic function that majorizes the indicator function of I, that is, g(#) > 0 always,
and g(f) > 1 if ¢? € I. Then

N
NA(P,I) = 111 < D2 g05) — 511
J=1
N 2w 2
Satt) -5 [ a@a )+ (5 [Taw)a0- L1 )
j=1

The goal is now to find a suitable function g to which we can apply Proposition 2.11 and Lemma 2.12
in order to bound the first term in (6), while keeping g as close as possible to the indicator function
Z so that the second term in (6) remains small.

Let 0 < § < . Denote by Is the arc obtained by enlarging I on both sides by ¢ (if |I| + 20 > 2,
then I; = S'), and let Zs be the indicator function of I5. Let K5 be the 2m-periodic function defined
by

2
Ks(0) = ﬁmax((S —10],0), 0 € (—m,n].
We compute its Fourier coefficients as follows. For k € Z, noting that max(é — [0],0) = 0 if || > 0,

we have
~ 1

o or
Ks(k) = o |

/c (0)e *”“Gd&f — 52(

—|0))e=* ap

=L ([ - peostaran—i [ 6o k@)de) 2 [0,

where the last equality follows from the fact that § — |6| and cos are even functions, while sin is odd.
Now, if £k = 0, then

é
Ks(0) = 522 / (6 —0)do =
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If k # 0, integrating by parts and using the identity 1 — cos(kd) = 2sin?(ké/2), we obtain

oo (sin(k6/2)\?
’C5<k>—<m)
1 27

Take g(0) = 5- [, Zs(a)Ks(0 — a)da to be the convolution of Zs and KCs. It is always nonnegative
because both the indicator function Zs and the kernel s are nonnegative by definition. Moreover, if
e € I, the support of the kernel Ks(f — «) is contained within the widened arc I where Zs(a) = 1,
allowing the expression to simplify to g(0) = % 0% Ks(0 — a)dar which, by the 2m-periodicity of the
kernel, is equal to 5- fo% Ks(a)da. Now, since K4(0) = 1, we have that = fo% Ks(a)da = 1.

We can think of g as a smoothed version of the indicator function Z, spread over a neighborhood
of size 0 around the arc I. If ¢ is small, then g is closer to Z, and the second term in (6) is small.
However, as ¢ decreases, g becomes less smooth, and the first term in (6) increases. The goal is to
choose § appropriately to balance these two effects.

Now, note that

1 2 1 27 1 27
5(0) = / 9(0)df = / / T5(a)Ks (0 — o) dovdf
271' 0 27'(' 0

2m 27 27
0 0 27r 0

472 T2 om
unless I5 = S!, in which case g(0) = 1. Therefore, the second term in (6) can be rewritten as
N [T N|I| N(|I|+25) N|I| N0
N[ g NI NUI25) Nl N6
2m 2m 2m 27 m

Moreover, the first term in (6) can be bounded using Proposition 2.11 and Lemma 2.12 as

N o 0o
N ~ k0
2_965) = 5 | 9(6) 8| < AR(P)mpx k;w|k\g<k>ez < 4R(P) 5 Ks(0) = —h(P).
Putting everything together, from (6) we obtain
N 16 No
PI ——I ——I < —h(P —_
Na( 1] < Zg 27TI | m;h( )+ - (7)

Minimizing the right-hand side with respect to d, we find that the optimal value is attained at § =
44/ M) Substituting this into (7), we obtain the desired bound Na(P,I) — X|1| < 8\/Nh(P). O

2.3 Applications

Let S(z) = Z;io ajzj be a complex power series having finite radius of convergence R, and denote
by Sn(z) = >0, ajz) its truncation to the n-th partial sum. Jentzsch [Jenl8] proved that each
point of the circle {z € C : |z| = R} is a limit point of zeros of polynomials S,(z), n = 1,2,....
Szegd [Sze22] improved this result by showing that there is a subsequence {n;}7°, with n; € N\ {0}
for which the zeros of the partial sums S, (z) are uniformly distributed in angle in a fixed annulus
R — € < |z] < R+ ¢, with € > 0 arbitrarily small. Next, we prove that the theorem of Jentzsch-Szegd
can be deduced from the result given in [Soul9].
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2.3.1 From Erdos-Turan to Jentzsch-Szeg6

Suppose, without loss of generality, that the convergence radius of S(z) is R = 1. Otherwise, we can
define w = z/R to have '(w) = > 72, ajRIw’ with radius of convergence R’ = 1, and apply the
argument to it. Since the truncations S, of S will be related to the truncations S, of S’ through
Sn(z) = Sl (2/R), if w, = 2z,/R is a zero of S],, then z, will be a zero of S,,. Therefore, if there exists
a subsequence {ny}32, for which the zeros of the sequence of partial sums {}, }x of S” equidistribute
around the unit circle, the zeros of the sequence of partial sums {5y, }5 of S will equidistribute around
the circle of radius R.

Suppose that the constant term of the series is not zero, that is, ag # 0. Denote by :S’; the monic
polynomial obtained by S,, = S, /a,. Since the zeros of S,, and the zeros of S, are the same, it suffices
to see that there exists a subsequence {nj}72, for which the zeros of the sequence of partial sums
{/S;}k equidistribute around the unit circle, because therefore the zeros of the sequence {S,, }; will
too. This slight change will allow us to use the result in [Soul9].

Since R = 1, we know that limy, |ax|* P =1 by definition, and therefore it exists a strlctly increasing

sequence of indices {ny}7° ; such that the subsequence {\ank| k 192, verifies limg_yo0 |an, | " = 1. Now,
with the notation introduced in Section 2.2,

S, (2)] < E;lio | < (ng + 1) maxo<j<n,, |6 < (np+1)C(1+ €)™

" A Vaol Viao| V]aol - Vaol ’

where the last inequality holds thanks to [Lan99, Corollary 2.8], which states that there exists a
constant value C' € R~q such that for all € > 0 and for all 5, |a;| < C(1 + €)?. From this, it follows
that

H{(Sn(2))

0 < h(Bne(2)) < log H (S, (2)) = log H (S, (2)) — 3 log |an|

1 1
< log(ng + 1) +1log C + nglog(1 +¢€) — 5 log |ag| — B log |an, |-

Then,

log |ao|

h(S, 1 1) — log |an
S (2) grlosl +1) | 5 C L1061+ 6) — lim _ Jim 819
ng k ng k ng k 2nyg k 2nyg

Since the limit exists for all the terms but the last one, they can be computed to get that

1 1 1 1
< log(1+€) — limlog [a, | = log(1 +¢) — 5 loglim |ay, | ™ = log(1 + ),
k k

1
where we have used that the log is continuous and strictly increasing, and that the limit limy, |ay, |
exists and it is equal to 1, thanks to the hypothesis that R = 1. Since this works for all ¢ > 0, we can
choose € arbitrarily small and log(1 + €) ~ log(1) = 0, which means that

0 < tim "5 (2) _ o b ()
k ng k n

< 0.
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h(Sny ()

Nk

Therefore limy = 0 and, by Theorem 2.5 and Theorem 2.6, this means that the zeros of

{5; }22 , equidistribute around the unit circle.

The case ap = 0 can be proved as follows. Suppose that the first term in the series with non-
zero coefficient is 2. Then we can write S(z) = 2" (ap, + ang+12 + ...) = 2"05’(2), and since
S’(z2) is a series with finite radius of convergence and non-zero constant term, using what we have
proved above it is deduced that limg M(S;, ) = 0 and limg D4(S;,) = 0, for a strictly increasing
sequence of indices {n;}32,. By Proposition 2.3 and Proposition 2.4, this means that {v(S}, )}«

converges weakly-* to pugi. Now, the measure given by the zeros oy, 1,. .., any of S, satisfies v(S5,,) =
1 1 - — . 1 -
n Z;L:I 60471,3' = 7:7050 + n Z;L:{lo 5(1;” = %)60 + = nnOV(S;L)v with V(S’;z) = n—ng Z;L:?O 601;“' Thus

n

{v(Sn)te = {7200 + " 20v(Sy, )} converges weakly- to pgi, since {v/(Sy, )}x does so. Again,
thanks to Proposition 2.3, this means that the zeros of {5, }7°; equidistribute around the unit circle.
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3. Potential theory on the Berkovich projective
line

Let K be an algebraically closed field that is complete with respect to a non-Archimedean absolute
value |- |, and let A be a K-algebra. It is difficult to define a satisfactory notion of analytic function
on K, since the topology induced by the given absolute value is totally disconnected and not locally
compact (see, for instance, [Gou93, Section 2.3]). However, Berkovich’s theory [Ber90] provides a very
satisfactory solution to these difficulties. In this section, we introduce Berkovich spaces in a simplified
setting (more general constructions exist, but the present approach is sufficient for our purposes), with
particular emphasis on the Berkovich projective line. We then study potential theory on this space,
mainly following [BR10]. This will be relevant for Section 4.

3.1 The Berkovich projective line

We begin with a proposition concerning the geometry of disks in fields endowed with a non-Archimedean
absolute value. This will help build intuition in this setting and provide a clearer picture of the con-
structions that follow.

Proposition 3.1. Let a € K and r € Rsg. We denote by D(a,r) = {z € K : |z —a| <} the open
disk of center a and radius r, and by D(a,r) = {z € K : |z — a| < 7} the closed disk of center a and
radius r. The following properties hold.

(i) If b € D(a,r), then D(a,r) = D(b,r). That is, every point of an open disk is its center. The
same statement holds for closed disks.

(i) Any two open disks of positive radius are either disjoint or one is contained in the other. The
same holds for closed disks.

Proof. (i) Let b,z € D(a,r). Then |z —b| = |z —a+a—b| < max{|z—al,|a—b|} < 7,50z € D(b,r).
This gives D(a,r) € D(b,r). For the reverse inclusion, let z € D(b,r). Since b € D(a,r),
|z — a| < max{|z —b|,|b—al} <, s0 z€ D(a,r). The same argument holds for closed balls.

(i) Let D(a,r) and D(b, s) be two open balls that are not disjoint, so there exists z € D(a,r)ND(b, s).
Assuming s < r, by (i) we have D(b,s) = D(z,s) C D(z,r) = D(a,r). The same argument
holds for closed balls.

O

We can now turn to the construction of Berkovich spaces.

Definition 3.2. A multiplicative seminorm on A extending |- | is a map |- |, : A — R such that
for all f,ge A, e K,

@) [f +9le < [fle +lgle, () [Fgle = [flalgle, (i) [Ale = [Al.
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Definition 3.3. Let X = Spec(A) be an affine scheme. The Berkovich analytification X" of X is
the topological space defined by the set of multiplicative seminorms on A extending the given absolute
value | - | on K, equipped with the weakest topology such that all evaluation maps

evy: X =5 R, |- |e— [fla
are continuous for each f € A. That is, as a set,
X :={|-|z:A—=Rso |||z is a multiplicative seminorm on A extending |- | on K}.
A basis of the topology is given, for f € A and r, s € R>, by the sets {|- |, € X" | r < |fl|. < s}.

Remark 3.4. More generally, if X is an arbitrary scheme covered by affine subschemes { X; = Spec(4;)};,
we define X*" by gluing the spaces X".

With a slight abuse of notation, we will denote by x € X&" the points corresponding to multiplica-
tive seminorms | - |,. For our purposes, it suffices to consider the following case.

Definition 3.5. Let K[T] denote the polynomial ring in one variable T with coefficients in K. Taking
X = AL = Spec(K[T]) in Definition 3.3, we obtain the Berkovich affine line A}%an, whose points
correspond to multiplicative seminorms on K[7] extending | - |.

A classical example of a point in A}g‘m is obtained by considering a closed disk D(a,r) in K and
defining | f| 5, ) = SUP,ep(a, [/ (2)|; f € K[T]. The ultrametric inequality ensures this is a seminorm,
and multiplicativity follows from the Gauss Lemma (see [Bos94, Section 1.5.3, Corollary 2]), and the
Maximum Modulus Principle in non-Archimedean analysis (see Proposition 3.55). Hence, each closed
disk in K gives a point of A}gan. In particular, K embeds into A}fn via the map a > |-|55, o). More gen-
erally, if {D(ay, )} is any decreasing nested sequence of closed disks, the map f ~ lim,, | f \5( i)
defines a multiplicative seminorm on K[T] extending |- | on K. Indeed, each |- |5( ) 1S @ multi-
plicative seminorm, and the properties are preserved under limits.

The following result, known as Berkovich’s Classification Theorem, is fundamental in the study of
A}éan. We state the theorem without proof in order to avoid making this work excessively long. Proofs
may be found in [BR10, Theorem 1.2, Theorem 2.2].

Theorem 3.6. Every point x € A}%an corresponds to a nested sequence of closed disks D(ay,m1) 2
D(ag,r2) 2 D(as,r3) 2 ..., in the sense that

Two such nested sequences define the same point of A}gan if and only if

(i) each has a nonempty intersection and their intersections are the same, or

(7i) both have empty intersection and the sequences are cofinal (to say that {ﬁ(a}, r3)}j is cofinal in
{D(a;,r;)}; means that for each i, there is a j such that E(a;, i) C D(a;,r;)).

Remark 3.7. As mentioned in Theorem 3.6, it may happen that the intersection (>, D(an,ry) is
empty. An example of this phenomenon for K = C, (the field of complex p-adic numbers, for a
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prime p) is given in [BR10, Section 1.2]. In this case, K is said to be not spherically complete. Such
sequences necessarily satisfy r = lim,, r,, > 0, since otherwise the completeness of K implies that the
intersection consists of a single point in K. Indeed, if r,, — 0, then the centers a, form a Cauchy
sequence in K: for m > n, the nesting condition implies |a,, — a,| < 7. Since r,, — 0, given £ > 0
there exists N such that r, < ¢ for all n > N. Hence, |a,, — a,| < € for all m > n > N, proving that
(an)n is Cauchy. By completeness of K, there exists a € K such that a,, — a. Now fix n. For every
m > n, the ultrametric inequality gives |a — a,| < max{|a — an|, |am — an|} < max{|a — am|, ™}
Letting m and using a,, — a, we obtain |a — a,| < r,, so that a € D(ay,m,) for every n. Therefore,
a € o2, D(an,ry), and the intersection is nonempty.

By Theorem 3.6, depending on the nature of the intersection D = (1°; D(an,7y,), the points of
AR™ can be classified into four types:
0 can be classified into four types:

Type I: D is a point of K. This corresponds to nested sequences {D(a;,r;)}; satisfying r =
lim,, r, = 0. As noted in Remark 3.7, the completeness of K assures that the intersec-
tion of such a sequence is a point a € K.

Type II: D is a closed disk with radius belonging to |K*| = {|a| : a € K*} C Rso. That is,
points corresponding to nested sequences {D(a;,7;)}; with nonempty intersection, for
which r = lim,, ,, > 0 belongs to |K™|.

Type III: D is a closed disk with radius not belonging to |K*|. That is, points corresponding to
nested sequences {D(a;, ;) }; with nonempty intersection, but for which r = lim,, r,, > 0
does not belongs to |K*|.

Type IV: D = (). That is, points corresponding to nested sequences {D(a;,r;)}; with empty
intersection.

Note that the description of the points of A}fn in terms of closed disks is very useful, as it allows
us to visualize the abstract space of multiplicative seminorms with which we started. We will denote
by (a4, the point of A}fn corresponding to the seminorm | - |5( ar)’ A particularly interesting point is
the so-called Gauss point, corresponding to the disk D(0, 1), namely (p 1, which from now on we will
denote by (causs-

To better understand A%éan, we now give a more intuitive explanation of why it is uniquely path-
connected. Let z,2’ € AZ™ be two distinct points corresponding to the disks D(a,r) and D(d’, ),
respectively. We describe the unique path from z to 2’ as follows. If D(a,r) C D(a’,r’), the path
consists of all points of A}gan corresponding to disks containing D(a,r) and contained in D(a’,7’). If
a = a', this reduces to the family {D(a,t) : 7 < t < r'}. If D(a,7) and D(a’,r') are disjoint, let
D(a,|a—d'|) = D(d,|a—a'l) be the smallest closed disk containing both (see Proposition 3.1). Then
the unique path between z and 2’ is obtained by expanding D(a,r) through the disks D(a,t), with
r <t <|a— d|, until reaching the disk D(a,|a — a’|), and then shrinking through the disks D(a’,t'),
with 7’ <t < |a—d/|, until reaching D(a’,7’). If V2’ denotes the point corresponding to D(a, |a—a’|)
in A}éan, then the unique path from z to 2’ is the concatenation of the path from z to x V 2’ and the
path from z V 2’ to a’.

Proposition 3.8. The Berkovich affine line A}fn s a locally compact and Hausdorff space.

Proof. See [BR10, Theorem C.3]. O
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Example 3.9. Let us perform a useful computation. Fix a € K, and consider the function
17
Fa : AKan — R}O, ‘ . |5(a,r) — |T — a|5(a,r)'

Suppose first that |a — a| < 7. Then a € D(a,r), and hence, by Proposition 3.1, D(a,r) = D(a,r).
Therefore, sup, 5, [2—al = sup,cp (4, [2—af = r. Now suppose that |a—a| > 7. Since a € D(a,r),
we immediately obtain sup, 5, . |z—al| = |a— «a|. Conversely, if z € D(a, ), then by the ultrametric
inequality, |z —a| = |z —a + a — a| < max(|z — a|,|a — a]) < max(r,|a — a|) = |a — «|. Hence,
SUD, e (q,r) |z —a| =|a —«al.

We now introduce the space that will be the main focus from now on, the Berkovich projective line
Pkﬁn. As a topological space, it can be defined as the one-point compactification of the locally compact
Hausdorff space A}fm. As a set, P}éan is obtained from the Berkovich affine line by adjoining a type 1
point at infinity, denoted co. The topology on P%}an is the one-point compactification topology, that
is, the open subsets of P}éan are exactly the open subsets of A}fn, together with the subsets U C P}gan

such that co € U and A}%an \ U is compact. Moreover,
1,
Hperk = P \ Pk

will denote the set of points of type II, III, or IV.

_aCGauss

Figure 1: The Berkovich projective line (adapted from an illustration of Joe Silverman)

Proposition 3.10. Every type II point of P}fm has infinitely many branches.

Proof. Let x = D(a,r) € P}fn be a type II point, that is, » € |K*|. Since r € |K*|, there exists
¢ € K* with |c¢| = r, and by the change of variables T' — (T' — a)/c, we may assume without loss of
generality that © = (gauss. We consider the ring of integers O = {z € K : |z| < 1}, its maximal
ideal mg = {z € K : |2| < 1}, and the residue field K := Ok /mg, whose elements are the equivalence
classes of Ok under the relation b ~ ¥ <= |b— V| < 1. The connected components of P \ {z}
are of two types. The components contained in (gauss are indexed by the elements of K: two such
components are distinct if and only if there is no disk strictly contained in (gauss containing points
from both. The remaining component consists of all points y with (gauss S ¥, together with oo, and

18



corresponds to the point co € IP’}{. Therefore all branches are indexed by K U {co} = ]P’}(. Since K

is algebraically closed, its residue field K is also algebraically closed: any polynomial over K can be
lifted to O, where it has a root by algebraic closedness of K, whose reduction gives a root in K. In
particular, K is infinite, since a finite field cannot be algebraically closed. Therefore \IP)}{| = o0, which
concludes the proof. O

Let us now take a closer look at P}%an through the visualization in Figure 1. From a type II
point (,, (for instance, (gauss) infinitely many branches emerge (Proposition 3.10). Moving along a
branch without branching corresponds to continuously varying the radius of the disk through values
outside the value group, passing through type III points. The endpoints of the tree are either type I
points, corresponding to sequences of disks whose intersection is a single point of K, or type IV points,
corresponding to sequences of disks with empty intersection.

The distinction between type II and type III points can be understood as follows. When the radius
r belongs to the value group |K*|, there exist points of K at distance exactly r from a, that is, points
on the boundary of D(a,r). These give rise to new disjoint subdisks, and hence new branches in the
tree: this is a type II point. In contrast, when r ¢ |K*|, no point of K lies at distance exactly r from
a, so no new branches appear or disappear as the radius crosses r, and the corresponding point is of
type III, lying in the interior of an edge of the tree.

Proposition 3.11. The Berkovich projective line P}gan is a compact, Hausdorff and path-connected

topological space which contains ]P’}(.

Proof. The compactness and Hausdorff properties follow from, for instance, [BR10, Theorem C.3],
while path-connectedness is proved in [BR10, Lemma 2.10]. Finally, P}- embeds into P}éﬂn in the same

way that A}( embeds into A}fn, together with the additional point at infinity. O

Remark 3.12. Since the Berkovich projective line ]P’}gan includes the point at infinity (., which cannot
be described as a seminorm on K [T] due to the fact that polynomials are unbounded near co, we work
with two affine charts: the standard chart with coordinate T', and the chart at infinity with coordinate
T~!, in which {oo} corresponds to the classical point 7~! = 0.

The space A}g’m is endowed with the natural partial order defined by saying that « < y if and only
if | flz < |fly for all f € K[T]. In terms of disks, if z,y € A}, are points of type I, IT or III, we
have z < y if and only if the disk corresponding to x is contained in the disk corresponding to y. For
each pair of points x,y € Allgerk, there is a unique least upper bound x Vy € Allserk with respect to
this partial order. Concretely, if = (4, y = (s are points of type I, II or III, then x V y is the
point of A}gm corresponding to the smallest disk containing both B(a,r) and B(b, s). We can extend
the partial order to P}%an by declaring that x < oo for all z € A}%an. As explained above, writing
[z,2'] = {z € ]P’}éan cx<z< Uz € ]P’}éan : ' < z < x}, we see that the unique path between
x,y € IP’}%&H is [z,y] = [z,z Vy]U [z Vy,y].

The following are two interesting results concerning the topology of A}gan. To state them, we first
need the next definition and an auxiliary lemma.

Definition 3.13. The set E(0,1) = {|- [, € Ag™ | |T|, <1} is the closed unit disk in Ag™.
Remark 3.14. Note that for the points of type I, II, or III, £(0,1) can be expressed as
E(0,1) = {Cur € AP [ |a| < 1,7 <11,
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Lemma 3.15. Let x € E(0,1), and f € K[T|. Then, x = (gquss if and only if |T — al, = 1 for all
a € K such that |a| < 1.

Proof. (=) Assume that = (Gauss- By Proposition 3.55, |T'—al, = sup,cp 1) [2 —a| = max(|a[,1) =
1, where the last equality holds for all a € K with |a| < 1.

(<) Let x € F(0,1). Assume that [T —al, = 1 for all @ € K with |a] < 1. Let f € K[T], and
write f(T) = o[, (T — a;), since K is algebraically closed. By multiplicativity of the seminorm,

n
Fle = ol T 1T = aile-
=1

We distinguish two cases. If |a;| < 1, then by assumption |7 — a;|, = 1. If |a;| > 1, then since
z € F(0,1) we have |T|; < 1, and the ultrametric inequality yields |T" — a;|; < max(|T|z, |ai]) = |ai].
On the other hand, |a;| < max(|T — iz, |T|:) < max(|T" — a;|s, 1), hence |T' — a;|» = |a;|. Therefore,

[fle=1lol T t I lail = laf ] ] max(1, |ai)).
=1

|ai\<1 \ai|>1
This is exactly the Gauss norm of f, so |f|z = |f|¢quue. for all f € K[T], and hence = (causs- O

Proposition 3.16. Let z € E(0,1) \ {Cgauss}- Then x € E(O, 1), the interior of E(0,1).

Proof. Let © # (Gauss- By Lemma 3.15 there exists an element a € K with |a|] < 1 such that
T —aly < 1. Set
U={|]. € AP ||T —al. < 1}.

We claim that U C E(0,1). Indeed, |T|; < max(|T — a|s,|alz) < 1, using the non-Archimedean
property for |- |, the fact that |T'—a|, < 1, and |a|; = |a| < 1. Moreover, z € U, and since U is open
in A}%an, it follows that z is an interior point of £(0,1). Every open neighbourhood of {gauss contains
points (4, with » > 1, which do not belong to E(0,1), s0 {Gauss 1S not an interior point. O

Remark 3.17. The same statement holds if, in Proposition 3.16, we replace E(0,1) with the closed
disk E(0, R) € A™ of radius R.

Proposition 3.18. Every point x € A}%an is closed.

Proof. For every f € K[T}], the function Fj : A™ — Rsq defined by | - |, — |f]. is continuous by
definition of the topology. For any a € R, consider the set

Zra =l 1y € A" |1 fly = o} = F; ' ({a}).

Since {a} C R is closed and FY is continuous, the set Z, is closed. Now let |- |, € A}éan. Then

N Zsise =1l ly € AP | Ifly = | fl, for all £ € K[T]}.
fEKIT

Since two multiplicative seminorms on K[T] are equal if and only if they agree on every polynomial
f € K[T1, the previous set is precisely {|-|;}. Therefore {|-|;} is an intersection of closed sets, hence
it is closed. O
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3.2 Basic concepts on potential theory

In this section we introduce the basic definitions and properties of potential theory, both in the complex
and in the non-Archimedean settings, with an emphasis on the latter. This will serve as a basis for
the results presented in Section 4.

3.2.1 Capacity theory

From Theorem 3.6 we know that any = € A};an corresponds to a nested sequence of disks {D(a;,7;)}s-
We call r = lim; r; the radius (or diameter) of z, and write r = diame ().

Definition 3.19. Let z,y € A}fm. Consider the paths [z, 0] and [y, 0o] from z to oo and from y to
00, respectively, and denote by x V., y the point where they first meet. The Hsia kernel is defined as

0(x,Y) oo = diam(z Voo y).
Actually, suppose that = € Akan corresponds to the sequence {D(a;,r;)}i, and y € A}%an cor-
responds to the sequence {D(b;, si)}i- Denoting by R; = max(r;, s;, |a; — b;]), the disk D(a;, R;) =
D(b;, R;) is the smallest one containing D(a;,r;) = D(b;, s;), and then

6(‘%.7 y)OO = hmmaX(rh Si, ‘CLi - bz‘)
K3

Definition 3.20. Let F C ]P’}%an \ {oo}. Given a probability measure 1 with support contained in F,
we define the energy of n as

fhﬂ==l/y;xE-—logv5($,y%x<hﬂx)dn(y%

where log, denotes the logarithm to the base ¢,, with ¢, > 1 a fixed real number chosen so that
—log, | - | is a normalized valuation on K.

Example 3.21. If K = C, endowed with the standard absolute value | - |, for which |p|, = p~!, then
we set g, = p in order to have {log, |z], : 2 € C;} = Q.

Remark 3.22. In the complex setting, the Hsia kernel is replaced by log ﬁ with z,y € C, without
the minus sign. In both cases, the kernel captures information about the distance between x and y.

The greater the distance, the lower the energy.

Definition 3.23. Let now 7 vary over probability measures with support contained in E. We define
the Robin constant as
V(E) = inf T[],
n

and the logarithmic capacity as

capF = qv_V(E).

A set E with cap F = 0 is called polar. If cap ' > 0, then F is called non-polar.
These definitions agree with those in the complex setting, where ]P)}éan is replaced by the Riemann
sphere C. Let us now see an example of capacity.
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Example 3.24. Let F = {a}, with a € Hpe. Then, the only probability measure supported on E is
the Dirac measure d,, for which

Iwgziﬁ/ 108, (2, y)oo dBa(2)dSa(y) = — log, 5(a, a)s = — log, diamae (a)
ExE

Therefore, V(E) = —log, diams(a), and cap F = diamq(a).

Definition 3.25. If E C P}éan\{oo} is compact and cap(E) > 0, there is always a probability measure
pp for which I[ug] = V(E), called the equilibrium measure.

Proposition 3.26. Under the conditions from Definition 3.25, the equilibrium measure always exists
and it is unique.

Proof. In the non-Archimedean setting, existence is proved in [BR10, Proposition 6.6], while unique-
ness is proved in [BR10, Proposition 7.19]. In the complex setting, the corresponding result can be
found in [Ran95, Theorem 3.3.2]. O

Definition 3.27. For a given probability measure 7, the associated potential function is
Up(z,00) = /—logv d(z, w)sodn(w).

From Definition 3.20 and Definition 3.27, it follows that the energy can be expressed in terms of
the potential as

Iwz/%%wWW)

Example 3.28. Let us present an example in the complex setting that will be useful later. Following
the computations in [AB02, Section 1.1.5], let £ = {z € C | |z| = 1} be the unit circle and let
dn = ds/2w, where ds denotes the arc length measure on E. Then the equilibrium measure of E
is pp = ds/2m = pug1, the Haar measure on the unit circle, and cap E = 1 = cap D(0,1), where
D(0,1) = {z € C | |2| < 1}. More generally, the equilibrium measure of D(a,r) is ds/27r, where ds
denotes the arc length measure on the circle |z — a| = 7, and cap D(a,r) = 7.

3.2.2 Harmonic functions

There is a canonical metric p on Hpek, which we refer to as the path metric, that is of great importance
for non-Archimedean potential theory. If x,y € Hpe are points such that x <y, we define

diam(y)
p(z,y) = log, m~
More in general, given any pair of points z,y € Hpek, we define

p(@,y) = p(z,2Vy) + p(y,x Vy) = 2log, diam(z V y) — log, diam(z) — log, diam(y).

Definition 3.29. Let z € P}fm. The space of tangent directions at x, T,, is the set of equivalence
classes of paths [z, y] emanating from x, where y € P}gan is any point different from x. Two paths are
equal if they share the same initial segment.
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Note that there is a bijection between the connected components of IP’}%an {z} and the elements

¥ € T,,. More concretely, by Proposition 3.10, we know that for x € P}%an,
IPLY(K)| x of type II,
T =<2 x of type III,
1 x of type I or type IV.

1,an

Definition 3.30. A domain in P}%an is a non-empty connected open subset U C Py

Definition 3.31. Let U C PR™ be a domain, and let f : U — R U {00} be a continuous extended-
real valued function which is finite-valued on Hpex. We say that f is continuous piecewise affine on
U, and write f € CPA(U) if the following conditions are satisfied:

(CPA1) The restriction of f to Hpe is piecewise-affine with respect to the path metric p. Concretely,
this means that for each x € Hpe and each sufficiently small path [z,y] emanating from z, the
restriction of f to [z,y] is affine.

(CPA2) If x € U N Hpek, then for each ¥ € T, the directional derivative dyf(z) is well-defined.
Concretely, this means that for each ¥ € T, there exists a constant mgz = dzf(x) such that for
every y € Hper representing the tangent direction ¢, there exists a point 3 € (z,y] such that
for every z € (z,y'] we have

f(z) = f(x) + mgp(z, 2).

(CPA3) For each x € U N Hpey, we have dzf(z) = 0 for all but finitely many ¢ € T,.. In particular,
the quantity

Ap(f) ==Y dsf(x)

veTy
is well-defined for each x € U N Hpepk.

Definition 3.32. Let U C P}%an be a domain and let h € CPA(U). If € Hpex, we say that h is
harmonic at z if A, (h) = 0, that is, if the sum of the slopes of h in all tangent directions emanating
from x is zero. If x € P'(K), we say that h is harmonic at x if h is constant on an open neighborhood
of x.

Example 3.33. Let f(T) = []_,(T — a;) € K[T] be a nonconstant polynomial, and let

—00 Tr = 00,
F(x): +00 xe{alw"?an}v
—log, |fle PR\ {oo,ai,...,an}.

It is a continuous extended-real valued function by construction, and finite-valued on Hpey.

Let us start with Type I points. For z € K \ {a1,...,ay,}, choose r < min; |z — a;| so that
D(z,r) contains none of the a;. For any point y = (} ¢ in the corresponding Berkovich disk, we have
D(b,s) C D(x,7), 80 a; ¢ D(b,s) for all i, i.e., s < |b— a;] for all i. For each i, since b € D(z,7), we
have |b — z| < r < |r — a;|. Applying the ultrametric inequality to b — a; = (b — =) + (x — a;) gives
|b — a;] < max(|b— x|, |z — a;|) = |z — a;|. For the other direction, applying the ultrametric inequality
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tox —a; = (x —b)+ (b— a;) gives |z — a;| < max(|x — b|,|b — a;]), and since |z — b < r < |z — a4,
we must have |b — a;| > |x — a;|. Therefore |b — a;| = |z — a;] for all 7, and by the argument above
T —aily = |b—a;i| = |[z—a;| = |T—a;|,. Hence F(y) = —log, [[; |T—aily = —log, [[; 1T —ail. = F(z).

Since F' is constant on the Berkovich disk corresponding to D(z,r), which is an open neighborhood
of z, F' is harmonic at x by definition.

Let us show that F'is harmonic on Hpe. To simplify the setting, we first consider the case where
f(T) =T — a. Denote by A, the unique path in P}fm joining a and oo, namely A, = [a, o], and let
Tq ! P}gan —» A, be the retraction map onto A,, obtained by projecting each point along the corre-
sponding branch until it reaches A,. We first study the case of two points lying on A,, then the case of
two points lying outside A, and finally the case where one point lies on A, and the other lies outside A,.

Take two points z = (,, and 2’ = (,,» in A, with r < ¢’. Then F,(z) = —log, |T —al, = —log, r,
and similarly F,(z') = —log, |T — al,y = —log, r’. Therefore, Fy(z') — Fy(x) = —log, ' + log, r. On
the other hand, p(z,z") = log, diam(z’) — log, diam(z) = log, ' — log, r. Hence, F,(z') — Fy(x) =
mg p(x,2’), with slope mz = —1. In the direction from oo to a, the corresponding slope is mz = 1.

For = (b5 ¢ A4, the disk D(b,s) does not contain a, i.e., s < [b—a|. For any z € D(b,s), we
have |z — b| < s < |b — al, so by the ultrametric inequality |z — a| < max(|z — b|,[b — a|) = |b — a.
Since b € D(b,s) and |b — a| = |b — a|, the supremum is attained at z = b, so |T — al, = |b — a.
Now take another point 2/ = (y ¢ in the same branch, ie., D(¥,s') C D(b,s) (or vice versa),
with a ¢ D(b,s"). Since V' € D(b,s), we have |V —b| < s < |b — a|. By the ultrametric in-
equality, [0/ — a| < max(|t' —b|,|b —a|) = |b — a|]. For the other direction, applying the ultra-
metric inequality to b —a = (b — V') + (V) — a) gives |b — a| < max(|b — V|,|t/ — a]), and since
b—V| < s < |b—al, we must have [V’ — a|] > |b — a|. Therefore |’ — a] = |b — al, and so
F,(2) = —log, |T — aly = —log, |t/ —a] = —log, |b — a] = F,(z). Hence F, is constant on ev-
ery branch off A,, that is, for all x € ™, Fy(z) = Fy(re(z)).

Finally, for a point * = (4, € A, and a point y = (p, in a branch off A, at z, we have
D(b,s) C D(a,r) and a ¢ D(b,s), i.e.,, s < |b—al. Since r,(y) = z, the smallest disk centered
at a containing D(b, s) is D(a,|b — a|) = D(a,r), so |b —a| = r. For any z € D(b,s), we have
|z —b] < s < |b—al, so by the ultrametric inequality |z — a| < max(|z —b[,|b—a]) =|b—a| =7, and
the supremum is attained at z = b. Therefore |T'—al|, = |b—a| =17 = |T — a4, giving F,(y) = Fa(x)
and directional derivative 0 in that direction.

From the computations above, we can verify the three CPA conditions. In A,, F, is affine with
slope —1, giving (CPA1l) and (CPA2) with my = —1 in the direction towards co and mz = 1 in
the direction towards a. Outside A,, Fy is constant, giving (CPA1) and (CPA2) with mz = 0 in all
directions. Finally, at each point x € Hpge, only the directions along A, have nonzero directional
derivative, and each point there has only two nonzero directional derivatives (upwards and down),
verifying (CPA3). Then, Fj, € CPA(P};M \ {00, a}), and it is harmonic in the same set, since the only
points where the tangent directions are different from zero and do not cancel are co and a.

Finally, for the general case we have F(z) = > | F, (). Using the fact that if hy, ho are harmonic
functions on a domain U, and ci,co € R, then cih; + co2hs is harmonic on U, we deduce that F' is
harmonic on IP’}%&H \ {oo,a1,...,an}.
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In the complex setting, harmonic functions can be defined as follows.

Definition 3.34. Let U be an open subset of C. A function h : U — R is called harmonic if h € C?(U)
and Ah =0 on U, where Ah denotes the Laplacian of h, that is, Ah(x,y) = % + giy’;.
A useful characterization for harmonic functions is the following.

Proposition 3.35. Let h be a function harmonic on an open neighborhood of the closed disk D(a,r) =
{z€C||z—a| <r}. Then

1 2m )
ha) = o /O h(a + re)do. (8)
Proof. We refer the reader to [Ran95, Theorem 1.1.6]. O

Remark 3.36. In fact, the converse also holds (see [Ran95, Theorem 1.2.7]).

3.2.3 Subharmonic functions

There are many ways to define or characterize subharmonic functions. However, for the approach
relevant to our purposes, we first need some additional definitions. Consider a metrized graph T,
which, roughly speaking, is a graph whose edges are viewed as line segments endowed with a well-
defined length (see [BR10, Definition 3.1] for a precise definition). We denote by CPA(T") the space
of continuous, piecewise-affine, real-valued functions on I'. If f € CPA(T), then the directional
derivatives dgzf(p) are well defined for every p € I'" and every ¢ € T),(I'). Hence, one can define a
Laplacian operator on CPA(T") as a map from CPA(T") to the space of discrete signed measures on I'
by
A(f) = Z Ap(f) Op;
pel’

where

Ap(f) == D dfp),

FET,(T)
and 0, denotes the Dirac measure at p.

If S C T, let OS be the set of points belonging to the closures of both S and I\ S. For each p € 95,
let In(p, S) be the set of inward-pointing unit tangent vectors at p, that is, the set of all 7 € T),(I") for
which p + t¥ belongs to S for sufficiently small ¢ > 0. Analogously, let Out(p, S) = T,(I') \ In(p, S) be
the collection of outward-directed unit tangent vectors at p.

Proposition 3.37. Let f € CPA(T'). Then the measure A(f) satisfies the following properties:

(i) If E CT is a finite union of connected closed sets, then

ANE) == S def ).

pEIE ¥eOut(p,E)

(ii) If V. .C T is a finite union of connected open sets, then

AHV)Y=D" > dsf(p).

pedV veln(p,V)
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Proof. See [BR10, Lemma 3.4] O

Let D(I") be the class of all functions on I' whose one-sided derivatives exist everywhere, i.e.,
DI)={f:T = R:dsf(p) exists for each p € I and ¥ € T),(I') }.

Definition 3.38. We will say that a continuous function f € D(T') is of bounded differential variation,
and write f € BDV(T), if there exists a bounded signed Borel measure on I' satisfying properties (i)
and (ii) of Proposition 3.37. In this case, we define the Laplacian A(f) of f to be this measure.

Before introducing the definition of subharmonic functions, we need a couple more definitions.

Definition 3.39. Let I' be a finite subgraph of IF’ , let rr ]P’}{an — I' be the retraction map, and

lan

let V' be a connected open subset of I'. We say that U =rp L(V) is a simple domain of Py

Definition 3.40. If U C ]P’};an is open, then V' C U is a simple subdomain of U if V is a simple
domain and V C U, where V denotes the closure of V.

We are now ready to define subharmonic functions.

Definition 3.41. Let U be a domain in P} 20 and let f € BDV(U be a continuous extended-real
valued function. Then f is subharmonic on U if and only if Ay 0 for every simple subdomain
V of U.

(Nly <
Remark 3.42. Given a a domain U C P}éan, and a function f € BDV(U), we can rewrite its Laplacian
as dd°f = —Ay(f) (see [BR10, Section 5.5]).

Example 3.43. Let f € K[T] be a nonzero polynomial. By the Lelong-Poincaré formula, we have
dd°log, |f| = 0 as a measure on AR™. Therefore, by Remark 3.42, log, |f| is subharmonic on any
domain U C AR™.

Before defining subharmonic functions in the complex setting, we need the following definition.

Definition 3.44. Let X be a topological space. We say that a function u : X — [—00,00) is upper
semicontinuous if the set {x € X : u(z) < a} is open in X for each a € R. Also v : X — (—o00, 0] is
lower semicontinuous if —v is upper semicontinuous.

We are now ready to define subharmonic functions.

Definition 3.45. Let U be an open subset of C. A function u : U — [—00,00) is called subharmonic
if it is upper semicontinuous and satisfies that, given a € U, there exists p > 0 such that

1 2 )
u(a) < / u(a+ret)ydt (0<r<p).
2 0

Also v : U — (—o0, 00] is superharmonic if —v is subharmonic.

Example 3.46. If f is holomorphic on an open set U in C, then log|f]| is subharmonic on U. For a
proof see [Ran95, Theorem 2.2.2].

Now that we have introduced the notion of functions of bounded differential variation (BDV), we
are in a position to give a characterization of harmonic functions in the non-Archimedean setting.
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Definition 3.47. If U is a domain, a function f : U — R is strongly harmonic in U if it is continuous
on U, belongs to BDV(U), and satisfies Ay (f) = 0. If V is an arbitrary open set in P}éﬁn, then
f:V — Ris harmonic in V if for each « € V, there is a domain U, C V with x € U; on which f is
strongly harmonic.

Remark 3.48. Note that, by Remark 3.42 and Definition 3.47, given a domain U C P}éan and a function
f € BDV(U), if f satisfies dd°f = 0, then f is harmonic.

3.2.4 Green’s function

Next, we introduce one of the central notions of potential theory, the Green’s function. For the complex
case, let £ C C be an admissible set, that is, E is compact, non-polar, and C \ E' is connected.

Definition 3.49. The Green’s function Gg on E with pole at co is defined as the unique function
with the following properties:

(i) Gg(z, o0) is nonnegative and harmonic in C \ (E U {o0}).
(i1) lim,(Gg(z,00) —log|z]) = —logcap E.
Gp(z,00) = 0 for quasi-every ¢ € 9(C \ E).

() tim, e\

Remark 3.50. A property is said to hold quasi-everywhere on a set FE if the set of exceptional points
is polar, that is, of capacity zero.

The existence and uniqueness of the Green’s function are proved in [Ran95, Theorem 4.4.2]. Fur-
thermore, G is related to the logarithmic potential of pg through the following identity (see [ST24,
Section 1.4]):

Uup(2) = —GE(z,00) —logcap B, z€ C\E.

Similarly, we have the following definition for the non-Archimedean setting.

Definition 3.51. Let E C P™ \ {oo} be a compact non-polar set. The Green’s function G on E
with pole at oo is
GE(z,00) = V(E) — Uy, (z,00).

Proposition 3.52. Let £ C ]P’}%an {o0} be a compact non-polar set. Then Gg(z,00) satisfies the
following properties:

(i) Gg(z,00) 20 for all z € P}éan.

(ii)) Gg(z,00) =0 on P}gan \ Uso, except on a (possibly empty) subset of OUs of capacity 0. Here,

U is the connected component of P}gan \ E containing {co}.

(i1i) Gp(z,00) is subharmonic in IP’}%&H \ {oo}.
(iv) There exists a neighborhood of {oo} on which
Gg(z,00) = V(E) —log, ||z, 00| = —log, cap(FE) + log, max(1, diam(z)),

where ||z, 00| = 1/ max(1, diam(z)).
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Proof. 1t follows from [BR10, Proposition 7.33, Remark 7.34]. O

Remark 3.53. The Green’s function can also be defined with a pole at any point « € P}gan (or z € C in

the complex setting) other than the point at infinity. In the non-Archimedean case the definition is the
same, except that one replaces the Hsia kernel by the generalized Hsia kernel (see, for instance, [BR10,
Section 4.4]), and the corresponding properties remain valid, as in the case x = co. The only relevant
difference is that, in Proposition 3.52 (iv), the quantity ||z, z|| has to be replaced by its generalized
version (see [BR10, Proposition 4.8]). For the complex case, see [Ran95, Definition 4.4.1].

3.3 Basic results on potential theory

Here, we review several key results related to potential theory in both the complex and non-Archimedean
settings. These will be useful in Section 4. We begin with the non-Archimedean version of the Maxi-
mum Modulus Principle for subharmonic functions.

Proposition 3.54. Let U C IP’IBET,C be a domain, and suppose that f is subharmonic on U. Then
(i) If f is nonconstant, then f does not achieve a global maximum on U.

(ii) If f extends continuosly to U, then f achieves its maximum value on OU.
Proof. See [BR10, Proposition 8.13, Corollary 8.14] O

Next, we state a result known as the Maximum Modulus Principle in non-Archimedean analysis,
adapted to our setting.

Proposition 3.55. Let f =Y "  a;T" € K[T]. Then, |f1B(a,r) = SUP.eB(ar) |f(2)] = sup; |a;|rt.

Proof. For a full proof see [Bos94, Section 5.1.4, Proposition 2, Proposition 3]. O

Proposition 3.56. (Harnack’s Principle) Let U C ]P’lBeTk be a domain, and suppose fi, fa,... are
harmonic in U with 0 < f1 < fo <.... Then either

(i) lim; f;(x) = oo for each x € U, or

(ii) f(x)=lim; fi(x) is finite for all x, the f; converge uniformly to f on compact subsets of U, and
f is harmonic in U.

Proof. See [BR10, Proposition 7.31]. O

We now consider the Dirichlet problem in the complex case (the non-Archimedean case is analo-
gous).

Definition 3.57. (Dirichlet Problem) Given a domain D C C and a continuous function ¢ : 0D — R,
the Dirichlet problem is to find a harmonic function h on D such that lim,_,¢ h(z) = ¢(§) for all
EedD.
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In the complex case, by [Ran95, Theorem 1.2.2], any solution h, if it exists, is unique. If D is
a disk, a solution always exists, whereas in general domains there may be no solution. In the non-
Archimedean setting, the problem is solved via Perron’s method (see [Thu05, Section 3.1.3]).

The following is Hurwitz’s Theorem, which in the classical complex setting can be stated as follows.

Theorem 3.58. Suppose that a sequence of holomorphic functions (fn)n on a domain G converges
compactly in G to a holomorphic function f on G. Let U be a bounded open subset of G with U C G
such that f has no zeros on OU. Then there is an inder ny € N such that for each n > ny the
functions f and f, have the same number of zeros in U.

Proof. Can be found in [Rem91, Chapter 8, Section 5.5]. O

In the non-Archimedean setting, the analogue of Hurwitz’s theorem follows from the Newton-
Puiseux theorem and the theory of Newton polygons.

Proposition 3.59. Let E C C be a compact non-polar subset, and let ug denote the equilibrium
measure on E. Let v be a Borel probability measure supported on OE. If U,(z) < U,,(2), z€ C\ E,
then v = ug.

Proof. The proof is in [AB02, Lemma 1.8]. The non-Archimedean case is analogous. O

In the complex setting, we have the following well-known result.

Proposition 3.60. If f(z) € C|z] is defined and continuous on a closed bounded set E and analytic
on the interior of E, then the mazimum of |f(z)| on E is assumed on the boundary of E.

Proof. We refer the reader to [Ahl79, Chapter 4, Section 3, Theorem 12] for the proof. O

Lemma 3.61. (Bernstein-Walsh) Let E C C be an admissible set, that is, E is compact, non-polar,
and C\ E is connected. Let Gg denote the Green’s function on E with pole at co. Let p,, € C[z] with

deg(pn) = n, and let ||pn||g = sup,cg [pn(2)|. Then,
Pn(2)] < |lpall 5 exp(nGr(2)), z € C\ ({oc} U E).

Proof. See [AB02, Lemma 1.11]. O
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4. A second approach to equidistribution

In this chapter, we review and discuss the work presented by Chambert-Loir in [CHA15]. In that work,
equidistribution results on compact Riemann surfaces and analytic curves over ultrametric fields are
established, generalizing the classical Jentzsch-Szeg6 theorem in the complex plane. Our main goal is
to provide a detailed proof for this extension in the Berkovich projective line.

In [AB02, Section 2], Andrievskii and Blatt utilized complex potential theory to present an equidis-
tribution result on the Riemann sphere that generalizes the classical Jentzsch-Szegé theorem. As we
have seen in Section 3, the ultrametric setting admits a non-Archimedean potential theory formally
analogous to the classical one. Chambert-Loir extended the results from [AB02] to compact Riemann
surfaces of arbitrary genus, with the aim of proving a non-Archimedean analogue of the Jentzsch-Szeg6
theorem.

4.1 Chambert Loir’s extension of Jentzsch-Szeg6

We start by stating the main theorem of this section, namely [CHA15, Theorems 1.2 and 2.1].

4.1.1 Statement

Let K be an algebraically closed field complete with respect to a (possibly non-Archimedean) absolute
avalue |- |. Assume, furthermore, that K admits a countable dense subset. Let M = P}%an be the
analytification of the projective line over K. If K = C then M = ]P’é’an = C is the Riemann sphere,
and if K is a non-Archimedean field, then M = P}éan is the Berkovich projective line. Let p = {0},
and let T~! be a local parameter at p. Let E C M be a non-polar compact subset, Gg the Green
function on E, and assume that Q = M \ E is connected and such that p € Q. For a polynomial
[ € K[T] we define || f||g = supgg | f|- Finally, recall that v(f) denotes the measure associated with
the zeros of f.

Theorem 4.1. Let (d,), be a sequence of positive integers converging to +oo, and let f, € K[T] be
a non-zero polynomial of degree d,. Assume that:

— 1

(i) lim —log || fn|z <0,
n dy,

(ii) for every compact set C C E, limv(f,)(C) =0,

(iii) there exists a non-empty compact set S C Q such that
_ 1
limsup | — log|fu| — Gg ) > 0.
n S dn,

Then, the sequence of measures {v(fn)}n converges to the equilibrium measure pg in the weak-+
topology.
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4.1.2 Proof

Here we prove Theorem 4.1 in the case where K is a non-Archimedean valued field and M = P}éan.
To do so, we need several auxiliary results, which we state and prove before giving the proof of the
main theorem. We begin by introducing some additional notation.

There exists a norm || - [|°*? on the tangent line 7, M such that cap E is the norm of the tangent
vector 9/0T ! € T,M, and this norm is independent of the choice of local parameter. The leading
coefficient at p of a polynomial f € K[T'] with deg(f) = d is defined as

®d
70 = @ T ()

and it is an element of 1), M ®d independent of the choice of local parameter.

Lemma 4.2. Let f € K[T| be a polynomial with deg(f) = d. The function élog |f| — Gg is subhar-
monic on ), and for any point q € Q\ {p}, we have f(q) < || f||E exp(dGE(q)).

Proof. Set ¢ = log|f| — Gg. By the Example 3.43 we know that log |f| is subharmonic in Q\ {p}.
Moreover, by section (iii) of Proposition 3.52, G is subharmonic in P}%an \ {p}, so in particular it is
subharmonic in 2\ {p}. Therefore, ¢ is subharmonic in Q\ {p}. In fact, it is subharmonic on € since,
after choosing the local parameter T~! at oo, the map z + f(2)T~!(2)? extends to a nonvanishing
analytic function in a neighborhood of co, so ¢ extends continuously to co. Now, by the Maximum

Modulus Principle for subharmonic functions (see Proposition 3.54), we have that

. 1 1 1
sup ¢ = sup fine. lim ¢(7T') = sup —log|f(q)| = - logsup|f| = — log|| f| &,
Q €09 g geon d d = oE d

where we have used that by section (ii) of Proposition 3.52, the Green’s function Gg vanishes in
OF = 0f) up to polar sets that we ignore by taking the fine topology. Therefore, if we take ¢ €
Q\{o0} C P™, using that supq ¢ = } log||f ||, we have that ¢(q) = } log |f(q)|-Gr(q) < §log | f|&,
and hence exp(log |f(q)| — dGr(q)) < exp(log||f||r), and therefore |f(q)| < [[f[|zexp(dGEr(q)). D

Remark 4.3. By Lemma 4.2, the function ¢,, = d;;'log|f,| — G is subharmonic on  for every n. In
particular (see [BR10, Definition 8.1]), ¢,, is upper semicontinuous, and therefore bounded above on
every compact subset of 2. Hence, the upper bound on S appearing in Condition (iii) of Theorem 4.1
is finite. Moreover, Lemma 4.2 shows that supg ¢, < supq ¢, = d,, 1 log || full £, since S C Q. Together
with Condition (iii) of Theorem 4.1, this yields lim,, d,,* log || f ||z = lim,, supg ¢, > 0. On the other
hand, Condition (i) of Theorem 4.1 implies that lim, supg ¢, < lim,d,!log||f.||z < 0. Putting
everything together, we conclude that Conditions (i) and (iii) of Theorem 4.1 are jointly equivalent to

lim sup ¢, = limd,,* log || .||z = 0.
n S n

Lemma 4.4. Let (d,,), be a sequence of positive integers, and let f, € K[T] be a non-zero polynomial
of degree d,,. Assume that Conditions (i) and (iii) of Theorem 4.1 hold. Then, for any compact and
non-polar subset K C ), we have

1
lim sup (10g | fnl = GE> =0.
n K dn
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Proof. Set ¢, = di log | fn|—GE, and let S be a non-empty compact subset of {2 such that lim sup ¢, >
n n S
0 (which we know that there exists by Condition (iii) of Theorem 4.1). Let m = limsup ¢,,. By Lemma
n K

4.2, we have supg ¢, < supq ¢, = ﬁ log || fnll £, and therefore

limsup ¢, < limd, " log||fu|z < limd, ' log| f.| = <0,
n K n n

where the last inequality holds thanks to Condition (i) in Theorem 4.1. Then, m < 0, so to proof the
claim we only have to show that m > 0.

Now, let us suppose that K is disjoint from S, i.e., K NS = (). Then, by the Dirichlet problem
(see Proposition 3.57), there exists a harmonic function v on 2\ K which, up to a set of capacity zero,
vanishes on OF, and equals m at 0K, taking into account that 9(2 \ K) = 0F U 0K. By Remark
4.3, lim,, d,, log || fu||z = 0, which means that for all € > 0 there exists a ng € N such that for all
n > ng, d; log||fullz < €. Moreover, by section (ii) of Proposition 3.52, Gg = 0 on OF and hence
on OF we have ¢, = d, ‘log|f,| < d, logsupyg |ful = d;'log| fullz. Therefore, ¢, < u+ € on
OE, taking into account that u vanishes on dE and ¢, < d;!log| f.|E, which is smaller than any
e > 0 for sufficiently large n. Now, on 0K, ¢, < supyx ¢n < SUPg ¢n, since 0K C K because K is
compact. By definition of m = lim,, supy ¢n, there exists a subsequence nj, such that supy p,, — m.
In particular, for any € > 0 and k sufficiently large, supy ¢n, < m + ¢, and therefore ¢,, < m+¢
on K. Since u = m on 0K, we have ¢,, < u+ € on 0K for k sufficiently large. From Lemma 4.2
we know that (, is subharmonic in €, so in particular it is subharmonic in Q \ K. Then, by the
Maximum Modulus Principle for subharmonic functions (see Proposition 3.54), for any € > 0 we have
that ¢, < u+e€on Q\ K, since 92\ K) = OFE U9JK. Then, bearing in mind that S C Q and
SNK =1, supg ¢, < supgu + €, and thus lim, supg ¢, < supgu + €. Considering arbitrary small
positive €, lim,, supg ¢, < supg u.

If m < 0, then by definition of v we would have u = m < 0 on 0K, and u = 0 on JF. Therefore,
u < 0 on 0K UJE, but since u is subharmonic on 2\ K, by the Maximum Modulus Principle
for subharmonic functions (see Proposition 3.54) we must have u < 0 on Q \ K (recall, again, that
02\ K) = OFE UO0K). Furthermore, since v < 0 on 2\ K and v = 0 on OF, if u attained the
value 0 at some interior point of Q \ K, it would achieve its global maximum in the interior. Again
by Proposition 3.54, u would be constant and equal to 0 on the corresponding connected component.
However, since (2 is connected, the closure of any connected component of 2\ K meets K, where
u =m < 0, contradicting the continuity of u. Therefore u < 0 on 2\ K. But this is a contradiction
because it would mean that lim, supg ¢, < supgu < 0, but by hypothesis lim, supg ¢, > 0. Then, it
must be m > 0.

For the general case, consider K’ C Q a compact and non-polar subset, disjoint from SU K. Since
K’ is disjoint from S, we can apply the previous argument to K’, and since K’ is disjoint from K, the
same holds for K (replacing S by K'). O

Lemma 4.5. Under the assumptions of Theorem j.1, any limit measure v of the sequence {v(fn)}n
s a probability measure supported on OF.

Proof. Since K has a countable dense subset by hypothesis, by [BR10, Corollary 1.20], P}éan is metriz-
able, and since it is also compact, by [Par67, Theorem 6.4] the space of probability measures on P}éan
is compact and metrizable in the weak-* topology. In particular, any sequence of probability measures
has a subsequence converging weakly-* to a probability measure, so limit measures exist. Let v be
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any such limit measure of {v(f,)}n. Then v is a probability measure, and it only remains to show
that it is supported on 9F. By Condition (ii) from Theorem 4.1, we know that the support of v is
disjoint from Eo, so we must see that the support is contained in F.

Let C' C Q be a compact subset, then lim, v(f,)(C) = 0. Indeed, for ¢ € C, let Gg(-,c) be the
Green function of E with pole at ¢, and for any integer n, let (¢y j)je, be the family of zeros of f,
which belong to C, repeated according to their multiplicity. Set ¢!, = ¢, + d,,* >ies, GE( cnj),
which is bounded from above by d;;!log || f,||z. Consider now S C Q a compact and non-polar subset,
disjoint from C'. Then, we have that the function (¢, ¢) — Gg(q, ¢) is continuous and positive in S x C,
and therefore it follows that infginf.cc Gg(+,¢) > 0. Now,

1 T )
Supapn supcpn—i—lnfd J;GE ,Cnyj) = Sl;pgon+u(fn)(C')11§fclé1(ijE(,c).

Then, by Condition (i) from Theorem 4.1 and the upper bound d;; ! log || f,||g for ¢/, it follows that

hmd log || fulle = hmsupgon lim sup ¢, + lim v(f,,)(C) inf inf Gg(, ).
n g n S ceC

Now, on one hand, by Remark 4.3 we have that lim,, supg ¢, = 0, and on the other hand, we have
infginf.ec Gg(+,¢) > 0 implying that lim,, v(f,)(C) < 0. Therefore, the claim that we wanted to see
lim, v(f,,)(C) = 0 follows from 0 < lim, v(f,)(C) < lim, v(f,)(C) < 0. Finally, since  is locally
compact, we conclude that the support of v is disjoint from (2, so it is contained in F. O

With all this, we are now ready to prove the main result.

Proof of Theorem 4.1. 1t suffices to prove that pp is the only possible limit value of the sequence
{v(fn)}n- Let v be such a limit value. By Lemma 4.5, we know that v is a probability measure
supported in JF. In order to prove Theorem 4.1 we show that U, < U,,, and the result v = ug
follows from Proposition 3.59.

For any f € K[T] with k = deg(f) and pole at p = oo, we have that dd(log|f| + kU,s)) =
—kdp + 3 p(q)=0 0rdq(f)dq + k(dp — v(f)) = 0, and hence log|f| + kU, ;) is a harmonic function on
the compact space (P} )", and therefore constant (see [BR10, Example 8.4]). Let a € R be such that
log |a| = log | f|+ kU, (s). Then, keeping in mind that U, ) — U, = U, (5)—,, vanishes at p (total mass
equal to 0), that ¢(p) = 7 log ij(f)Hcap, and that the Green’s function on E with pole at p = {oc}
is Gp(z,00) = V(E) = Uyy(z,00) = —logcap E — Uy, (2, 00),

cap

; )

Now, let V' C © be a compact non-polar subset, and W C € a compact neighborhood of V. Assume
that p ¢ V but p € W. The measure v(f) = vy (f) + v (f) splits as the sum of two measures
such that vy (f) = v(f)lw and v (f) = v(f)(1 — 1y). In Lemma 4.5 we have shown that if
C C Q is a compact subset, then lim, v(f,)(C) = 0. Applying this taking C' = W, we deduce that
limy, [|[vw (fn)]| = 0, so therefore v is also a limit value of the sequence (v"V(f,,))n. Since §(-,)oo is
bounded in W€ x V (where W denotes the complementary of W), U, is a limit value of the sequence

1 1 1 .

(UZ,W(fn)) for the topology of uniform convergence on V. Indeed, |[U,w s,y — Upllsup,v tend to 0
when n if and only if sup.cy |U,ws,)(2) — Uu(2)| tend to 0 when n. Since

‘/6211) ™ (fo)(w /5zw dv(fn)(w ‘ ‘/5211) (A (fn) — dv(fa))(w)
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< [ 18wl 10" () = ()] > 0

the claim follows. Here, for a measure a on P};an, ||| denotes its total mass. Now, from (9), we have
that
cap

1 1
on = a10g|fn| —Gp=-Uyy,) —Gg+ i

1 .
log al = ~Uy(s,) + Uws + - log | (fu)
w 1 <dp cap
= (—UVW(fn) + [lv (fn)HUuE) Hllew (F)lUs + | - Log 77 ()™ = Uy sy ) - (10)

The function —U,w y,) is subharmonic in P;&aﬂ \ {oc} (see [BR10, Example 8.7]). Let R be any

compact neighborhood of p such that RNV =@ and R C W. Since V C R® C IP’}%&H \ {oc0}, by the
Maximum Modulus Principle (Proposition 3.54) it follows that

sup(—Uy,.,(£,)) < sup(=Uy,, (1,)) = sup(—Uyy, (£.))s
UP(=Uuny () < SUP(=Uhny (1)) = SUD(=Ury (1))

and therefore by (10)

cap

1 )
sup <d log de"(fn)
Vv mn

~Unn()) 5002w = inf (=T g+ 1w ()] Uy ) = Daw B ipf U

(11)
Now, the function —U,w ;) + [v" (fu) U, is continuous on R and harmonic on R (dd¢ Uwitlp=
12 (f)||6, and dd® Ui } # = 0p). For n going to infinity, it converges uniformly to —U, + U, which
is again continuous on R, harmonic on R (see Harnack’s Principle 3.56), and vanishes at p = oo (total
mass equal to 0). Therefore,

h,ﬁn%}g <_UVW(fn) + HVW(fn)H UME) = lalg (_UV + UME) : (12)

By Lemma 4.2 ¢, < d,!'log| f.||z, and by Condition (i) from Theorem 4.1, lim,, d;; log || full 2 <
0. Then, supgp ¢n < d,'log| fullz and lim, supyg @, < lim, d; log| f.lle < 0. Moreover, since
limy, |lvw (fn)|| = 0, then lim, [[vw (fn)[|infor Uy, = 0. Therefore, taking the limit superior in (11),

and using that lim, supyp ¢n < 0, lim,, ||vw (fn)||infspr U,, = 0, and (12), it follows that

_ 1 cap
lim sup < log de" (fn)
noy dp,

- VW(fn)> < S{;l]%) (Ul/ - UﬂE) .

Choosing R arbitrarily close to {p} and taking into account that U, — U, is continuous and vanishes
at p, we get

cap

— 1 .
lim Sup <d log de"(fn) - Uuw(fn)> < 0. (13)

Furthermore,

inf Uyw g,y =10 (Us(rn) = Uy () = 108 ((Unr) = Un) = Osy (£) = Vi)

= inf (Uy(f,) = Upp) = SUP Uvy (£,) + 101 Uy < T Uty = Upp) = f Usyy () + SUp U
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From this last inequality, since U,w ;) converges uniformly to U, on V, we have

inf U, = Fmint Uyw ;) < i (ny (V) = Un) =108 Un 5+ 500 UNE>

cap

cap 1 .
) + sup T log H]d"(fn)
1% n

= . 1 .d .
= lim <1I‘}f (Uu(fn) —Uup — alog HJ " (f) — H‘}f Ui (fn) + Slép UME>

n

— 1 cap
< liTILn if‘}f (UV(fn) —Upp — i log H]dn (fn) > + Slép U, (14)
using that, by (13),

cap cap

_ 1 — 1
l. l H -y - s f . _ l. 71 H dp, n _ L < .
im <s1ép - log s (fn) inf U, W(fn)> i sup (dn og || (fn) Un (fn) | SO

But note that from (9),

cap

1 ) 1
Ungy = Ui = g 10| |i* ()| = —on = - log|ful + G

and then

. 1 .d cap . 1
lim inf Uy(f)—UME——logHj "(fn) < —limsup ([ —log|fn| —Gg ) =0,
n Vv " dy, n VvV dy

where the last equality holds from Lemma 4.4. This, together with (14), proves that

. — 1 d
< — - — n
U <t (Ui = s = b 7% 50

cap
+sup Uy, =supUy,.
4 4

Taking z € Q\ {oco} and V' C Q an arbitrarily small compact non-polar set such that z € Vandp ¢ V,
it follows that U, (z) = infy U, < supy Uy, = Uup(2), and the proof is completed. O

4.2 Applications

In this section, we first show how the classical Jentzsch-Szegd result in the complex plane can be
recovered from Theorem 4.1. Moreover, we explain how this theorem yields a non-Archimedean
version of Jentzsch-Szegdo.

4.2.1 Recovering Jentzsch-Szeg6 in the complex plane

The following result, presented as Theorem 1.7 in [AB02, Section 2], is a direct consequence of Theorem
4.1 in the Riemann sphere setting, that is, taking K = C.

Theorem 4.6. Let A C N\ {0} be an infinite subset of positive integers and let {p,}nen be a sequence
of monic polynomials of respective degrees precisely n satisfying:

R 1
(i) lim ||pn| 5 < cap E,
neA
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(ii) for every compact set C C E, lim v(pn)(C) = 0.
nen

Then, {v(pn)}n v, HE asn — oo,n € A.

Proof. Define p,(z) = (cap E) "pn(z), with n = deg(p,) = deg(pn). We want to see that the hy-
potheses of Theorem 4.1 are satisfied taking k,, = n and the sequence (p,),. On one hand,

lim —log ||p,||g = lim — log [[(cap E) "pn| g = —logcap E + lim log ||p, | < 0,
n n n n n—oo

— 1
where the last inequality holds due to the fact that lim,, .o log ||p,|| p < log(cap E) by the hypothesis
corresponding to Condition (i). Therefore, Condition (i) of Theorem 4.1 is satisfied.

Now, thanks to the hypothesis of Condition (ii), lim v(py)(C) = 0 for every compact set C' C E.
neA
Since p,, and p, have the same degree and zeros, v(p,) = v(p,), and therefore lim v(pn)(C) = 0 for
neA

every compact set C' C EO, verifying Condition (ii) of Theorem 4.1.
Finally, let S = {oo}. Since p,(2) ~ 2" as z — oo,

pn(2)

1 1
=—1 ——1 EY' =1 —1 E
o 5| = 0B [pa(2)] — | log(eap B)" ~ log 2| ~ logcap

1. 1
1 -1
- 0g |pn(2)] ~lo

as z — 00. Moreover, the Green’s function can be expressed as Gg(z) = log|z| — logcap E + o(1)
around z = oo. This means that

timsup (1 log 7(2)| - Gi(2)) = 0.

n zeS

Thus, Condition (iii) of Theorem 4.1 is also satisfied and, after applying this theorem, we have that

v(pn) v, ug as n — oo,n € A. Since v(p,) = v(pn), the same holds for {v(p,)}n, as we wanted to
show. =

We are now able to derive the classical Jentzsch-Szeg6 result. Let f(z) = Z?io ajzj be a complex
power series having finite radius of convergence p, and denote by f,(z) = Z?:o ajzj its truncation
to the n-th partial sum. Set E = D(0,p) = {z € C: |2| < p}, and C, = 0E = {z € C : |z] = p}.
Then, limy, |ak|% = %, and there exists a strictly increasing sequence of indices {n;}7°, such that

limy oo [an, | "0 = L Moreover, the partial sums f, converge locally uniformly to f(z) in E. Hence,

if we fix e > 0 and 0 < r < p, there exists N € N\ {0} such that for any n > N,

[fnlle, < flle. +e. (15)
Now, by the Bernstein-Walsh lemma (Lemma 3.61) taking the sets E, = {z € C : |z| < r} and
Q, ={z€C:|z| >r}, we know that for any z € Q, \ {o0},
[fa(2)| < [ fnllE, exp (nGE, (2)),

|Ed]
T

o

where G, denotes the Green function on E,, that is, G, = log
for any z € C),

. Therefore, since C, C Q, \ {oo},

) < Wfallz, exp (n1og 2) = lfulls (2)"
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In particular,

max|,(2)] = lfalle, < fulls. (£)" = 5ulle, (£)". (16)

where the last equality holds thanks to the Maximum Principle (Theorem 3.60).
Thus, defining p,(2) = a; ' fo(2),n = n1,n9,..., and using (16), it follows that

1 1 1
T ny T ny T —1 ny
B0 [ = T0 e, I = T o 1

1

SN L r% T —i.i ny
< (&) Hmlan, |7 12 < (2) Timfan, |77 Ho £yl

_1 . B N
Since llmk |ank| L — P, and hmk ||fnng’i < hmk(”fHCr _|_€)nk =1 by (15)7 it turns out that
1 2 o 1
li]?l P || 5 < &. Choosing r — p, then lilgn 1Dms || < -
r

Now, keeping in mind that p = cap E (see Example 3.28), we have

1
lim [pp, || 5" < cap E,

and thus Condition (i) of Theorem 4.6 is satisfied for the family {py, }?° .

As the partial sums f, converge locally uniformly to f(z) in E, by Hurwitz’s Theorem (see 3.58)
we know that for any compact set K C E, the zeros of f,, in K become closer to the zeros of f in K
as n — oo. Since f is analytic in D(0, p), its zeros are isolated, which means that for any compact
set K C E , f will have a finite number of zeros in K (let us denote this number by Zx). Therefore,
lim,, v(fn)(K) = lim, ZTK = 0, and taking into account that v(f,) = v(py) since f, and p, have the
same degree and zeros, Condition (ii) of Theorem 4.6 is also satisfied for {pn, }32 .

With this, we can apply Theorem 4.6 to the family {py, }?2, which yields {v(pn,)}x AN UE as
k — oo. This means that the zeros of {p,, }32, equidistribute around the circle of radius p, and
therefore the zeros of {f,, }32, do so, proving the classical result of Jentzsch-Szeg6.

4.2.2 A non-Archimedean Jentzsch-Szeg6

Next, we can see a particular case of Theorem 4.1 in the ultrametric setting, which yields a non-
Archimedean analogue of the Jentzsch-Szegé theorem. Let E(0, R) denote the disk of center 0 and
radius R in A}éﬁn, whose equilibrium measure is the Dirac measure at (o g (see Proposition 3.16).

Proposition 4.7. Let us consider a sequence of polynomials {fn}n in K[T| satisfying the following
properties:

(i) the degree dy, of f, tends to +oo.
(i1) the sequence { fn}n converges uniformly on the disk E(0, R) to a non zero function.
(iii) the sequence {an}n given by the leading coefficient a, of fn satisfies lim, |a,|"/% — 1/R.

Then, the sequence {v(fy)}n of probability measures converges to the Dirac measure at the point (o g.
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Proof. Let f € KI[T] be the limit of the sequence {f,},. Since (f,), converges uniformly to f
on the disk E(0, R) by hypothesis (ii), the sequence (||fxll£(0,r))n converges to | f|z(,r), which is
constant. As the degree d,, of f, tends to +oo by hypothesis (i), we obtain lim,, d,,* log || fu|l £(0,r) = 0,
so Condition (i) of Theorem 4.1 is satisfied. Since the limit f # 0 and FE(0, R) is compact and
connected, f has only finitely many zeros on E(0, R), counted with multiplicities. Moreover, by the
non-Archimedean analogue of the classical Hurwitz’s theorem in complex analysis (see Proposition
3.58), Condition (ii) of Theorem 4.1 also holds. Finally, taking S = {oo} and using Proposition
3.52(iv), Condition (iii) of Theorem 4.1 is satisfied. Therefore, we can apply Theorem 4.1 and conclude
that the sequence of measures {v(f,)}, converges weakly-w* to the Dirac measure at (o g. O

4.3 Comparison with Erdés-Turan

In this section, we compare the equidistribution theorem of Erdés-Turdn (see Section 2) with the
equidistribution result of Chambert-Loir given in Theorem 4.1. We do so by considering Chambert-
Loir’s theorem in the same setting, namely on the Riemann sphere, taking p as the point at infinity
and F as the unit disk in the complex plane. We are interested in understanding which result is
stronger, i.e., whether one implies the other, or more generally how they are related and how they
behave with respect to each other.

On the one hand, we show that the classical Erdés-Turan theorem does not imply Theorem 4.1.
To this end, we present a sequence of polynomials that equidistributes in the sense of Theorem
4.1, while the Erdds-Turdan theorem does not detect this equidistribution. Consider the family of
polynomials { f,(2)}p, where p runs over the prime numbers, defined by f,(2) = (2 +e7?)®,(z), where
P,(2) = Z;é 2k is the cyclotomic polynomial. Clearly, deg(f,) = p. However, the family {f,}, does
not satisfy the assumptions of the Erdés-Turan theorem. Indeed,

M _! 0 M 1 E og (e e P 1
2y e (m) s () > < [ 105 (cHle+ 0, (0)]) dusn (1)
1 1
= ]; <log ) =3

h

where we have used Jensen’s formula. Hence, lim, hldr) # 0, so the Erdés-Turdn theorem cannot be
applied. However, the sequence {f,}, satisfies the assumptions of Theorem 4.1. First, we note that

2mik
e P

P
e2

p—1
+log® |—e7?| + Z log™t
k=1

] log(1 4 e~
08P L i og(l+e™P)
P p

1 1
lim — logmax | f,(2)| = lim — log(1 4+ e ?)®,(1) = lim =0,
D gzesl | fp(2)] P D g( )Pp(1) b
since both functions attain their maximum on S! at z = 1. Therefore, by Remark 4.3, Conditions (i)
and (iii) of Theorem 4.1 are satisfied. It remains to verify Condition (ii) of Theorem 4.1. Indeed, f,
has one zero in a neighborhood of the origin, while its remaining zeros are equidistributed on the unit
circle. Consequently, Condition (ii) follows.

Now, we show that Theorem 4.1 implies the Erdés-Turdn theorem. That is, starting from the
hypotheses of the Erdés-Turdn theorem, we verify the assumptions of Theorem 4.1 and hence apply
it, without relying on the Erdds-Turan theorem itself. We will in fact work under a slightly stronger
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assumption, namely log H(f,)/d, — 0 as n — oo for a sequence of monic polynomials {f,}, with
d, = deg(f,). Recall that under this assumption, h(f,)/d, — 0 as n — oo (see (2)). By the first
part of [Soul9], namely the radial part, we know that M(f,,) — 0 as n — oo, using the notation from
Section 2. Now, denoting by ao, the constant term of f,, and by {an,i}fgl the roots of f,,, we have

dn
Zlog|azn| Z\log|ai,n|| = Zlogmax <|am| o |> = M(fn) —0
n i=1 ln

Since by hypothesis log H(f,)/d, — 0 as n — oo, it follows from the definition of H(f,) that

log|a0n\

1
lim — log max | f,(2)| — =— log lag,n| = 0.
n d z€S?

n

Moreover, since we have already shown that lim, log|ag »|/d, = 0, we deduce that

1
lim o log max |fn(2)] =0,
which corresponds exactly to Conditions (i) and (iii) of Theorem 4.1, by Remark 4.3. It remains to
verify that Condition (ii) of Theorem 4.1 is also satisfied. Let C' C E be a compact subset, and choose
0 < r < 1 such that C € D(0,7). We then have v(f,)(C) < v(f,)(D(0,7)). Let J = (r,00). Using

the notation from Section 2, we obtain

NR(f‘”) < Dr(fn).

v(fa)(C) < v(fa)(D(0,7)) < ’1 S

Since lim,, M(f,) = 0, Proposition 2.4 implies that lim, Dr(f,) = 0, and therefore Condition (ii)
of The(or)em 4.1 is satisfied. It remains to verify whether the statement holds under the assumption
lim,, ") — o,
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